
§1.2 �5�§|

§1.3 Ý
ÚÐ�1C�

§1.4 1{z�FÝ


½Â 1.1. �½�F .

(1) 'u��þx1, . . . , xn ∈ F��§|
A11x1 + · · ·+A1nxn = y1

· · · · · ·

Am1x1 + · · ·+Amnxn = ym

(1.1)

¡��5�§|. Ù¥�½�Aij , yi ∈ F©O¡��§|�XêÚ~ê�.¦��§|¤á

�x1, . . . , xn�¤��þ(x1, . . . , xn) ∈ Fn¡��§|�). �§|�¤k)�¤�Fn�f

8¡�)�m.

(2) 3�§|(1.1)¥, XJ~ê�y1 = · · · = ym = 0, K¡T�§|�àg�; ÄK, ¡T�§|

��àg�. "�þ(0, . . . , 0)o´àg�5�§|�), ¡�²�).

�±le¡ü��Ýn)�5�§|:

• �ÄFm¥��þ

αj = (A1j , . . . , Amj), 1 ≤ j ≤ n,

β = (y1, . . . , ym).

K(x1, . . . , xn)´)⇐⇒ β =
∑n

j=1 xjαj . ¤±�§|k)⇐⇒ β ∈ span{α1, . . . , αn}. AO
/, XJspan{α1, . . . , αn} = Fm, K�§|ok). ,��¡, àg�5�§|�k²�

)⇐⇒ α1, . . . , αn�5Ã'.

• �ÄN�T : Fn → Fm,

T (x1, . . . , xn) = (A11x1 + · · ·+A1nxn, . . . , Am1x1 + · · ·+Amnxn) =

n∑
j=1

xjαj .

K)�m�

T−1(β) := {γ ∈ Fn | T (γ) = β}.

5¿�T�5:

T (γ1 + γ2) = T (γ1) + T (γ2), T (cγ) = cT (γ).

ùíÑéuàg�5�§|,)�mT−1(0)´Fn�(�5)f�m: 0 ∈ T−1(0),¿�XJγ1, γ2 ∈
T−1(0), c ∈ F , KT (cγ1 + γ2) = cT (γ1) + T (γ2) = 0, Ïdcγ1 + γ2 ∈ T−1(0). ·�ò�	
)�mT−1(0)�ÄÚ�ê. éu�àg�5�§|, XJ)�m��, K§�´“��f�

m”. äN/`, XJT−1(β) 6= ∅, �γ0 ∈ T−1(β), K

T−1(β) = γ0 + T−1(0) := {γ0 + γ : γ ∈ T−1(0)}.

e¡0�)�5�§|�Gauss��{. kw��~f.

~ 1.1. 2x1 − x2 + x3 = 0

x1 + 3x2 + 4x3 = 0
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·�©O^ 1©Ú 2©L«ùü��§. 1© + (−2) 2©�−7x2 − 7x3 = 0, l
x2 = −x3. ,��¡,

2©+ 3 1©�7x1 + 7x3 = 0, l
x1 = −x3. Ïd, XJ(x1, x2, x3)´), Kx1 = x2 = −x3. �L5,

ù��(x1, x2, x3)��½´). 2

·�r�§

(c1A11 + · · ·+ cmAm1)x1 + · · ·+ (c1A1n + · · ·+ cmAmn)xn = c1y1 + · · ·+ cnyn

¡��§|(1.1)¥m��§��5|Ü.XJr(1.1)¥�m��§�gP� 1©, . . . , m©, KPù�

�5|Ü�c1 1©+ · · ·+ cmm©. b��§|
B11x1 + · · ·+B1nxn = z1

· · · · · ·

Bk1x1 + · · ·+Bknxn = zk

(1.2)

¥z��§Ñ´�§|(1.1)¥m��§��5|Ü. K(1.1)�)�½´(1.2)�). ?�Ú/, X

J(1.1)¥�m��§Ñ´(1.2)¥k��§��5|Ü, Kùü��§|k�Ó�)(d�¡ùü

��§|Ó)). ¡ü��§|�d, XJz��§|¥?Û���§Ñ´,���§|¥�§

��5|Ü. þ¡`²
�d��§|´Ó)�. Gauss��{�: Ïé��)�§|�d��

§|, ¦��ö�Xê¥k¦þõ�". �
{zPÒ, ·�Ú\Ý
�Vg.

½Â 1.2. dF¥���¤�m1n��LA =


A11 · · · A1n

...

Am1 · · · Amn

¡�Fþ�m× nÝ
. Aij¡

�Ý
A�(i, j)-�.

• Ý
A�±À�N�

{(i, j) | 1 ≤ i ≤ m, 1 ≤ j ≤ n} → F, (i, j) 7→ Aij .

• ·�r¤km× nÝ
�¤�8ÜP�Fm×n.

• ·�¡1× nÝ
�n�1�þ, ¡m× 1Ý
�m���þ.

• ·�rn�1�þ�Ó�n��þ,¿r1×1Ý
�Ó�F¥���.l
F 1×n = Fn, F 1×1 =

F .

• Ý
�1�þÚ��þ�Vg...

½Â 1.3. �A,B ∈ Fm×n. XJz�Ý
�z�1�þ´,�Ý
�1�þ��5|Ü, K

¡A �B1�d, P�A ∼ B. (5¿��áØÓ!)

N´wÑ, 1�d�Fm×nþ��d'X: A ∼ A; A ∼ B =⇒ B ∼ A; A ∼ B,B ∼ C =⇒
C ∼ A.

éu�§|(1.1), ·�P

A =


A11 · · · A1n

...

Am1 · · · Amn

 ∈ Fm×n, X =


x1
...

xn

 ∈ Fn×1, Y =


y1
...

ym

 ∈ Fm×1,

¿r�§|{P�AX = Y . A¡��§|�XêÝ
, (A, Y ) ∈ Fm×(n+1)¡��§|�O2Ý


. �(A, Y ) =


α1

...

αm

, Ù¥αi ∈ Fn+1�O2Ý
�1�þ. K�§��5|Üc1 1© + · · · +
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cmm©éA1�þ��5|Ü
∑m

i=1 ciαi. ùíÑ:

·K 1.1. �A,B ∈ Fm×n, Y,Z ∈ Fm×1. K(A, Y ) ∼ (B,Z) ⇐⇒�§|AX = Y�BX = Z�

d. AO/, XJA ∼ B, KAX = 0�BX = 0Ó).

�
^Ý
5¢yGauss��{,·�I�Ïé�O2Ý
1�d�“{ü”�Ý
. AO/,

XJ“{ü”Ý
�1j�k��Ý
�´1, Ù¦Ý
�Ñ´0, ·�Ò@�é��þxj�¤
�

�. �d, Ú\e¡�½Â.

½Â 1.4. (1) ��Ý
¡�´1{z�, XJ

– z��"1�1���"Ý
�(¡�Ì�)Ñ´1;

– z�Ì�¤3��Ù{Ý
�Ñ´0.

(2) ��Ý
¡�´1{z�FÝ
, XJ

– §´1{z�;

– "1Ñ3�e�;

– �"1Ì����I�1�I�O�
O�.

~ 1.2. ÖþP8, ~5, ~6�1{zÝ
; In :=


1 0 · · · 0

0 1 · · · 0

. . .

0 0 · · · 1

, 0m×n, P12�Ý
�1{z�

FÝ
. ùpIn¡�n�ü Ý
, Ù¥(In)ij = δij =

1, i = j,

0, i 6= j.
ùp�δij¡�KroneckerPÒ.

·�òy²:

·K 1.2. ?¿A ∈ Fm×n1�du,�1{z�FÝ
.

éÝ
�1�þ�����5|Ü'�E,, ¿�ØN´�ä1�d5. ·��Ie¡A

aö�, ¡�Ý
�Ð�1C�:

(1) ^,��"��c ∈ F r {0}¦,1(αi 7→ cαi).

(2) r�1�c�\�,�1þ(αi 7→ αi + cαj , i 6= j).

(3) p�ü1(αi ↔ αj , i 6= j).

Ð�1C��±À�N�e : Fm×n → Fm×n.

·K 1.3. Ð�1C��_, ¿�_E�Ð�1C�. l
e(A) ∼ A.

y². ee�αi 7→ cαi, Ke−1�αi 7→ c−1αi. ee�αi 7→ αi + cαj , Ke−1�αi 7→ αi − cαj .

ee�αi ↔ αj , Ke−1 = e. 2

·K1.2�y². k|^cüaÐ�1C�z�1{zÝ
: Å1�, kr�"1�Ì�C�1,

,�r¤3��Ù{Ý
�C�0. ,���1. 2

e¡�Ñ)�§|AX = Y�L§, Ù¥A ∈ Fm×n, X ∈ Fn×1, Y ∈ Fm×1.

• |^Ð�1C�, òO2Ý
(A, Y )z�1{z�FÝ
(R,Z). KR�´1{z�FÝ
.

d�, AX = Y�RX = ZÓ).

• �R�¤k�"1�cr1(r ≤ min{m,n}), 1i1(1 ≤ i ≤ r)¥�Ì�31ki�, k1 < · · · <
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kr. PJ = {1, . . . , n}r {k1, . . . , kr}. K�§|RX = Z�

xk1
+
∑

j∈J c1jxj = z1
...

xkr
+
∑

j∈J crjxj = zr

0 = zr+1

...

0 = zm

• er < m�zr+1, . . . , zmØ��0, K�§|Ã).

• ÄK, er = n, KJ = ∅, ki = i, l
�§|k��)

(x1, . . . , xn) = (z1, . . . , zr).

• ÄK, )� 
xk1

= z1 −
∑

j∈J c1jxj
...

xkr = zr −
∑

j∈J crjxj

Ù¥éj ∈ J , ��þxj3F¥?¿��.

½n 1.4. �F ⊂ K. eFþ��§|AX = Y3K¥k), K3F¥�k).

y². 3K¥k) =⇒ “zr+1 = · · · = zm = 0” =⇒ 3F¥k). 2

e¡?Øàg�5�§|�)�m�ÄÚ�ê.

• éj0 ∈ J , 3) 
xk1 = −

∑
j∈J c1jxj

...

xkr
= −

∑
j∈J crjxj

(1.3)

¥�xj0 = 1, xj = 0 (j ∈ J r {j0}), �)

αj0 = (x1, . . . , xn),

Ù¥xj0 = 1, xj = 0 (j ∈ J r {j0}), xki
= −cij0 .

• äó: {αj | j ∈ J}´)�mT−1(0)�Ä, l
dimT−1(0) = |J | = n− r. ¯¢þ:

�5Ã': �
∑

j∈J cjαj = 0. 5¿�
∑

j∈J cjαj�1j�©þ�cj(j ∈ J). ¤±cj = 0.

)¤)�m: �α ∈ T−1(0), α = (x1, . . . , xn). K(1.3)ª¤á. ùíÑα =
∑

j∈J xjαj .

½n 1.5. �A ∈ Fm×n,m < n. Kàg�5�§|AX = 0k�²�).

y². )�m��ên− r = (n−m) + (m− r) > 0. 2

5 1.1. T½n�duùÂ¥½n2.8.

��, ·�y²þ¡�Ñ�Ý
1�d�½Â��á�½Â��.

·K 1.6. éA,B ∈ Fm×n, TFAE:

(1) A ∼ B.

(2) �3k��Ð�1C�e1, . . . , ek¦�e1 ◦ · · · ◦ ek(A) = B.
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y². “(1)=⇒(2)”: d·K1.2�y², �3Ð�1C�f1, . . . , fr, g1, . . . , gs¦�

f1 ◦ · · · ◦ fr(A) = R, g1 ◦ · · · ◦ gs(B) = S,

Ù¥R,S�1{z�FÝ
. KR ∼ S. PW ⊂ Fn�R�1�m(=1�þ)¤�f�m).

KW��uS�1�m. N´wÑ:

• RÚS�Ì����I8�±df�mW£OÑ5. ¯¢þ, ùü���I8þ�

{1 ≤ k ≤ n :�3(x1, . . . , xn) ∈W÷vxk = 1¿��1 ≤ j < k�kxj = 0}.

l
R�SÌ�� ��Ó.

• |^1{z�FÝ
Ì�¤3��Ù{Ý
�Ñ´0, ?�ÚwÑR = S.

ùíÑg−1s ◦ · · · ◦ g−11 ◦ f1 ◦ · · · ◦ fr(A) = B.

“(2)=⇒(1)”: w,. 2

§1.5 Ý
¦{

k�ÄÝ
�\{ÚXþ¦{. éA,B ∈ Fm×n, c ∈ F , ½ÂA+B, cA ∈ Fm×n�

(A+B)ij = Aij +Bij , (cA)ij = cAij .

�Fnaq, Fm×n´�5�m. (F 1×n = Fn, Fm×1 ∼= Fm.)

• dimFm×n = mn: é1 ≤ i ≤ m, 1 ≤ j ≤ n, PEij ∈ Fm×n�(i, j)-��1
Ù¦Ý
�þ

�0�Ý
. K{Eij}´Ä.

• ¡A ∈ Fn×né¡, XJé?¿i, j ∈ {1, . . . , n}kAij = Aji. {A ∈ Fn×n | Aé¡}´Fn×n�

f�m, dim = n(n+ 1)/2.

• �F = C. ¡A ∈ Cn×n�HermiteÝ
½g�Ý
,XJé?¿i, j ∈ {1, . . . , n}kAij = Aji.

{A ∈ Cn×n | A Hermite}Ø´Cn×n�(E)f�m! (5¿�In Hermite, 

√
−1InØHermite.)

,��¡, XJÀCn×n�¢�5�m, KHermiteÝ
�¤¢f�m. dimR = n2.

e¡�ÄÝ
¦{. éA ∈ Fm×n, �Ä�5N�

LA : Fn×1 → Fm×1, LA


x1
...

xn

 =



n∑
j=1

A1jxj

...
n∑

j=1

Amjxj


.

5¿�: e{ε1, . . . , εn}´Fn×1�IOÄ, KLA(εj)�A�1j�.

·K 1.7. é?¿T ∈ L(Fn×1, Fm×1), �3���A ∈ Fm×n¦�T = LA.
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y². �35: �A ∈ Fm×n¦�Ù1j��T (εj). Ké?¿α =


x1
...

xn

 ∈ Fn×1, k

T (α) = T

 n∑
j=1

xjεj

 =

n∑
j=1

xjT (εj) =

n∑
j=1

xj


A1j

...

Amj

 =



n∑
j=1

A1jxj

...
n∑

j=1

Amjxj


= LA(α).

¤±T = LA.

��5: �A ∈ Fm×n÷vT = LA. KA�1j�= LA(εj) = T (εj). 2

½Â 1.5. �A ∈ Fm×n, B ∈ Fn×p. �ÄLA ◦ LB ∈ L(F p×1, Fn×1). ¦�LA ◦ LB = LC���

�Ý
C ∈ Fm×p¡�A�B�¦È, P�C = AB.

5¿d½ÂkLA ◦ LB = LAB .

·K 1.8.

(AB)ij =

n∑
k=1

AikBkj , 1 ≤ i ≤ m, 1 ≤ j ≤ p.

y². �{ε1, . . . , εp}´F p×1�IOÄ.K(AB)ij�LAB(εj) = LA(LB(εj))�1i�©þ. 
LB(εj)�B�

1j�, =LB(εj) =


B1j

...

Bnj

. ¤±dLA�½Âk(AB)ij =
∑n

k=1AikBkj . 2

• Ø´oU½Â.

• éA,B ∈ Fn×n, ��AB 6= BA.

·K 1.9. éA ∈ Fm×n, X ∈ Fn×1kLA(X) = AX.

y². �ÄLX ∈ L(F, Fn). KLX(c) = cX. AO/, LX(1) = X. Ïd

LA(X) = LA(LX(1)) = LAX(1) = AX.

2

�X = εj�: A�1j�= LA(εj) = Aεj .

·K 1.10. (1) k½Â�, A(BC) = (AB)C.

(2) k½Â�, (A+B)C = AC +BC, A(B + C) = AB +AC.

(3) k½Â�, é?¿c ∈ Fkc(AB) = (cA)B = A(cB).

(4) �A ∈ Fm×n. KImA = AIn = A.

(5) P0m×n ∈ Fm×n�"Ý
. éA ∈ Fm×n, k0k×mA = 0k×n, A0n×p = 0m×p.

y². (1) LA(BC) = LA ◦ LBC = LA ◦ (LB ◦ LC) = (LA ◦ LB) ◦ LC = LAB ◦ LC = L(AB)C .

(4) 5¿�LIm = idFm×1 , LIn = idFn×1 . ¤±LImA = LIm ◦ LA = LA. aq/, LAIn =

LA ◦ LIn = LA.

(2), (3), (5)w,. 2

• ¦{(ÜÆ =⇒ ABCk¿Â. ½ÂAk = A · · ·A.
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• �A ∈ Fm×n, B ∈ Fn×p. eB = (B1, . . . , Bp), Bj ∈ Fn×1, KAB = (AB1, . . . , ABp). ¯¢

þ, AB�1j��(AB)εj = A(Bεj) = ABj .

• aq/,


α1

...

αm

B =


α1B
...

αmB

, Ù¥αi ∈ Fn.

• eB =


β1
...

βn

, βi ∈ F p, KAB =


γ1
...

γm

, Ù¥γi =
∑n

k=1Aikβk�βi��5|Ü. £ÁÐ�

1C�Ò´é1�þ��5|Ü. Ïd, éA�Ð�1C��±ÏL�¦Ý
A 7→ EA5¢

y.

5 1.2. þ¡��A�5�´©¬Ý
¦{�AÏ�¹.

·K 1.11. �e : Fm×N → Fm×N�Ð�1C�, Ù¥Fm×N :=
⋃∞

n=1 F
m×n. Ké?¿A ∈ Fm×N

ke(A) = e(Im)A.

y². dþ¡�?Ø, �3P ∈ Fm×m÷vé?¿A ∈ Fm×Nke(A) = PA. �A = Im�P =

e(Im). 2

½Â 1.6. E ∈ Fm×m¡�Ð�Ý
, XJ�3Ð�1C�e : Fm×N → Fm×N¦�E = e(Im).

Ð�Ý
ke¡n«:

(1) e�αi 7→ cαi, c 6= 0. Ke(Im) = diag(1, . . . , 1, c, 1, . . . , 1).

(2) e�αi 7→ αi + cαj , i 6= j. Ke(Im) = Im + cEij .

(3) e�αi ↔ αj , i 6= j. Ke(Im) = Im + Eij + Eji − Eii − Ejj .

íØ 1.12. �A,B ∈ Fm×n. TFAE:

(1) �3Ð�1C�e1, . . . , ek¦�B = e1 ◦ · · · ◦ ek(A).

(2) �3k�m×mÐ�Ý
�¦ÈP = E1 . . . Ek÷vB = PA.

y². �I5¿�

e1 ◦ · · · ◦ ek(A) = e1(Im)e2 ◦ · · · ◦ ek(A) = e1(Im)e2(Im)e3 ◦ · · · ◦ ek(A) = · · · = e1(Im) · · · ek(Im)A.

2

§1.6 �_Ý


½Â 1.7. �A ∈ Fn×n. XJ�3B ∈ Fn×n¦�AB = BA = In, K¡A�_, ¿¡B�A�_Ý


.

·K 1.13. �_Ý
�_Ý
��.

y². �A�_, B1ÚB2þ�A�_Ý
. KB1A = AB2 = In. u´

B1 = B1In = B1(AB2) = (B1A)B2 = InB2 = B2.

2

eA�_, PA�_�A−1.

• A�_=⇒ A−1�_, ¿�(A−1)−1 = A.
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• A,B�_=⇒ AB�_, ¿�(AB)−1 = B−1A−1. aq/, eZ��_Ý
�¦È�_.

e¡l�5N���Ýn)�_Ý
. 5¿�_�5N��_N�E��5N�.

·K 1.14. éuA ∈ Fn×n, k: A�_⇐⇒ LA ∈ L(Fn×1)�_. d�, (LA)
−1 = LA−1 .

y².

LA�_

⇐⇒ �3T ∈ L(Fn×1)¦�LA ◦ T = T ◦ LA = idFn×1

⇐⇒ �3B ∈ Fn×n¦�LA ◦ LB = LB ◦ LA = LIn

⇐⇒ �3B ∈ Fn×n¦�AB = BA = In

⇐⇒ A�_.

d�, (LA)
−1 = LB = LA−1 . 2

·K 1.15. �V,W�k��F -�5�m, dimV = dimW , T ∈ L(V,W ). KTü⇐⇒ T÷.

y². �dimV = dimW = n. �V�Ä{α1, . . . , αn}. K

Tü⇐⇒ {Tα1, . . . , Tαn}�n�8��5Ã'⇐⇒ {Tα1, . . . , Tαn}�n�8�)¤W ⇐⇒ T÷.

2

5: ù�íÑ: T�_⇐⇒ {Tα1, . . . , Tαn}�W�Ä.

íØ 1.16. �V�k��F -�5�m, T,U ∈ L(V ).

(1) eT ◦ U�_, KT,Uþ�_.

(2) eT ◦ U = idV , KU ◦ T = idV , l
T,Up_.

y². (1) T ◦ U�_=⇒ T÷Uü=⇒ T,U�_.

(2) �T ◦ U = idV . d(1)�T�_. ¤±

U ◦ T = (T−1 ◦ T ) ◦ (U ◦ T ) = T−1 ◦ (T ◦ U) ◦ T = T−1 ◦ T = idV .

2

íØ 1.17. �A,B ∈ Fn×n.

(1) eAB�_, KA,Bþ�_.

(2) eAB = In, KBA = In, l
A,Bp�_Ý
.

y². (1) AB�_=⇒ LAB = LA ◦ LB�_=⇒ LA, LB�_=⇒ A,B�_.

(2) AB = In =⇒ LA ◦ LB = idFn×1 =⇒ LB ◦ LA = idFn×1 =⇒ BA = In. 2

íØ 1.18. �A1, . . . , Ak ∈ Fn×n. KA1 · · ·Ak�_⇐⇒z�Ai�_.

y². “⇐=”: w,.

“=⇒”: ék8B. k = 2®y. �k ≥ 3�A1 · · ·Ak = (A1 · · ·Ak−1)Ak�_. KA1 · · ·Ak−1ÚAk�

_. 2d8Bb��A1, . . . , Ak−1�_. 2

·K 1.19. A ∈ Fn×n�_⇐⇒ A�n���þ�¤Fn×1�Ä.

y². �A = (A1, . . . , An). KAj = LA(εj). l
A�_⇐⇒ LA�_⇐⇒ {A1, . . . , An}�Fn×1�

Ä. 2

aq/, éA ∈ Fn×n, ½ÂRA ∈ L(Fn)�RA(α) = αA. KRAB = RB ◦ RA. ùíÑA�
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_⇐⇒ RA�_. l
aq�y²:

·K 1.20. A ∈ Fn×n�_⇐⇒ A�n�1�þ�¤Fn�Ä.

y². �A =


α1

...

αn

. Kαi = RA(εi). l
A�_⇐⇒ RA�_⇐⇒ {α1, . . . , αn}�Fn�Ä. 2

��§|�éX:

·K 1.21. �A ∈ Fn×n. TFAE:

(1) A�_.

(2) é?¿Y ∈ Fn×1, �§|AX = Yk��).

(3) àg�5�§|AX = 0�k²�).

(4) �3Y ∈ Fn×1, ¦��§|AX = Yk��).

(5) é?¿Y ∈ Fn×1, �§|AX = Yk).

y². (2) ⇐⇒ LA�_.

(3) ⇐⇒ Ker(LA) = {0} ⇐⇒ LAü.

(5) ⇐⇒ LA÷.

(4) ⇐⇒ ∃Y ∈ Fn×1¦�|(LA)
−1(Y )| = 1⇐⇒ Ker(LA) = {0}. 2

• Ð�Ý
�_: éÐ�Ý
e(I), �Äe−1(I). 5¿�ke(A) = e(I)A. l
e(I)e−1(I) =

e(e−1(I)) = I, e−1(I)e(I) = e−1(e(I)) = I. Ïde(I)�_¿�e(I)−1 = e−1(I).

Ún 1.22. �R ∈ Fn×n´1{z�FÝ
. eR�_, KR = In.

y². eØ,, KR����1�0. ùíÑRR−1�(n, n)-��0, gñ. 2

½n 1.23. �A ∈ Fn×n. TFAE:

(1) A�_.

(2) A�In1�d.

(3) A´eZ�Ð�Ý
�¦È.

y². “(2)=⇒(3)”Ú“(3)=⇒(1)”w,. “(1)=⇒(2)”: ��A1�d�1{z�FÝ
R. K�3

Ð�Ý
E1, . . . , Ek¦�R = E1 · · ·EkA. dEiÚA�_íÑR�_. dÚn, R = In. 2

íØ 1.24. �A,B ∈ Fm×n. KA�B1�d⇐⇒�3�_Ý
P ∈ Fm×m¦�B = PA. 2

e¡�(Ø�±�Ï·�¦Ý
�_.

íØ 1.25. �A ∈ Fn×n�_, Ð�1C�e1, . . . , ek : Fn×N → Fn×N÷ve1 ◦ · · · ◦ ek(A) = In.

Ke1 ◦ · · · ◦ ek(In) = A−1.

y². PEi = ei(In), P = E1 · · ·Ek. Ké?¿B ∈ Fn×nkei(B) = EiB, l


e1 ◦ · · · ek(B) = E1 · · ·EkB = PB.

�B = AÚB = In�

e1 ◦ · · · ek(A) = PA, e1 ◦ · · · ek(In) = P.

^�íÑPA = In, l
A−1 = P = e1 ◦ · · · ◦ ek(In). 2

íØ 1.26. �A ∈ Fn×n, (A, In)�(R,B)1�d.
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(1) e�3����I8J ⊂ {1, . . . , n}¦�é?¿i ≥ |J |Új ∈ JkRij = 0, KAØ�_.

(2) eR = In, KA�_¿�A−1 = B.

y². ^�íÑA ∼ R. ÏdA�_⇐⇒ R�_.

(1) �IyRØ�_. ÏLéRm¦eZg/XIm + Eij + Eji − Eii − Ejj�Ð�Ý
(��

u��R��),Ø��J = {1, . . . , k}. u´rRz�1{z�FÝ
�,���1�0. ÏdØ�

_.

(2) w,A�_. d(A, In) ∼ (R,B)��3�_Ý
P ∈ Fn×n÷vP (A, In) = (In, B),

=PA = In, P In = B. ùíÑA−1 = B. 2

5 1.3. þ¡�(J�Ñ
“�äÝ
´Ä�_, ��_�¦Ñ_Ý
”��{: é(A, In)?1Ð

�1C�,Áãò§z�1{z�FÝ
. XJ3ö�L§¥Ñy
/X(R,B)�Ý
,Ù¥R÷

v(1), KAØ�_. ÄK, �����1{z�FÝ
ò/X(In, B), d�A�_, ¿�A−1 = B.

SK 1.6. �F�?¿�.

1. �A ∈ Fn×n. b��3�I8I, J ⊂ {1, . . . , n}÷v|I| + |J | > n, ¿�é?¿i ∈ IÚj ∈ J
kAij = 0. y²AØ�_.

2. �½Fn�Ä{α1, . . . , αn},y²A ∈ Fn×n�_�¿©7�^�´{α1A, . . . , αnA}´Fn�Ä.

3. y²FF�n�f8{f1, . . . , fn}�5Ã'�¿©7�^�´�3x1, . . . , xn ∈ F¦�Ý

f1(x1) · · · f1(xn)

...
...

...

fn(x1) · · · fn(xn)


�_.
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