
§2.4 �I

½Â 2.1. �V´k��F -�5�m. XJα1, . . . , αn ∈ VpØ�Ó,¿�8Ü{α1, . . . , αn}´V�
Ä, K¡n�kS|(α1, . . . , αn)�V�kSÄ.

�
��áPÒ��,�ÃÜÂ�,·�ékSÄ�æ^8Ü�PÒ,=¡B = {α1, . . . , αn}
�kSÄ.

·K 2.1. �V´k���5�m, B = {α1, . . . , αn}´V�kSÄ. K?¿α ∈ VL��5|

Üα =
∑n

i=1 xiαi��ª��, =

α =

n∑
i=1

xiαi =

n∑
i=1

x′iαi =⇒ xi = x′i.

y². e
∑n

i=1 xiαi =
∑n

i=1 x
′
iαi, K

∑n
i=1(xi − x′i)αi = 0. du{α1, . . . , αn}�5Ã', ¤±

xi − x′i = 0. 2

½Â 2.2. þ¡·K¥�Xêxi¡��þα'ukSÄB�1i��I, n���þ[α]B :=


x1
...

xn

¡
�α'ukSÄB��I.

·��±|^�g,��ª½Â“/ªÝ
¦{”. d�k

α = (α1, . . . , αn)[α]B.

�I�Vg�Ñ
��N�

ΓB : V → Fn×1, ΓB(α) = [α]B.

§ke¡�5�:

• ü: �ΓB(α) = ΓB(β). XJα =
∑n

i=1 xiαi, β =
∑n

i=1 yiαi, K
x1
...

xn

 = ΓB(α) = ΓB(β) =


y1
...

yn

 .

ù`²xi = yi. Ïdα = β.

• ÷: é?¿


x1
...

xn

 ∈ Fn×1, �α =
∑n

i=1 xiαi, KΓB(α) =


x1
...

xn

.

• �±�5(�: ΓB(α) + ΓB(β) = ΓB(α+ β), ΓB(cα) = cΓB(α).

ù��N�ΓB¡��5Ó�. d�·�¡V�Fn×1Ó�, P�V ∼= Fn×1. Ó���5�mké

õ�Ó�5�. ��oØ�ïÄFn×1½Fn? Ï�éõg,Ñy��5�mvkÓAÏ/ �

Ä, Ø�6uÄ�À��5��`²¯K���.

~ 2.1. V = Fn×1, B = {ε1, . . . , εn}. Kéα =


x1
...

xn

kα =
∑n

i=1 xiεi, =α�1i��I�xi. ù

`²ΓB(α) = [α]B = α, =ΓB = id. 2
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�B′ = {α′1, . . . , α′n}´V�,�|kSÄ. �α′j =
∑n

i=1 Pijαi, ¿P

P = (P1, . . . , Pn) = (Pij) ∈ Fn×n,

Ù¥Pj ∈ Fn×1. KPj = [α′j ]B. 3/ªÝ
¦{e, k

(α′1, . . . , α
′
n) =

(
(α1, . . . , αn)[α′1]B, . . . , (α1, . . . , αn)[α′n]B

)
=
(
(α1, . . . , αn)P1, . . . , (α1, . . . , αn)Pn

)
= (α1, . . . , αn)P.

Ún 2.2. �{α1, . . . , αn}´V�kSÄ, P ∈ Fn×n, (α′1, . . . , α
′
n) = (α1, . . . , αn)P . K{α′1, . . . , α′n}´

Ä⇐⇒ P�_.

y².

{α′1, . . . , α′n}´Ä ⇐⇒ {α′1, . . . , α′n}�5Ã'

⇐⇒ éX ∈ Fn×1k“(α′1, . . . , α
′
n)X = 0 =⇒ X = 0”

⇐⇒ éX ∈ Fn×1k“(α1, . . . , αn)PX = 0 =⇒ X = 0”

⇐⇒ éX ∈ Fn×1k“PX = 0 =⇒ X = 0”

⇐⇒ P�_.

2

½n 2.3. �B = {α1, . . . , αn}ÚB′ = {α′1, . . . , α′n}´V�kSÄ, P ∈ Fn×n÷v

(α′1, . . . , α
′
n) = (α1, . . . , αn)P.

KP�_, ¿�

[α]B = P [α]B′ , [α]B′ = P−1[α]B, ∀ α ∈ V. (2.1)

y². dÚn, P�_. éα ∈ V·�k

(α1, . . . , αn)[α]B = α = (α′1, . . . , α
′
n)[α]B′ =

(
(α1, . . . , αn)P

)
[α]B′ = (α1, . . . , αn)(P [α]B′).

duα1, . . . , αn�5Ã', ùíÑ[α]B = P [α]B′ . ?�Ú�[α]B′ = P−1[α]B. 2

·K 2.4. �B = {α1, . . . , αn}´V�kSÄ, P ∈ Fn×n�_. K�3��kSÄB′ = {α′1, . . . , α′n}÷
v(2.1)ª.

y². �35: �(α′1, . . . , α
′
n) = (α1, . . . , αn)P=�.

��5: 3(2.1)ª¥�α = α′j�

[α′j ]B = P [α′j ]B′ = Pεj = Pj ,

=α′j =
∑n

i=1 Pijαi. 2

~ 2.2. �V = Fn, B = {ε1, . . . , εn}. eα = (x1, . . . , xn), K[α]B =


x1
...

xn

. �P ∈ Fn×n,

(α′1, . . . , α
′
n) = (ε1, . . . , εn)P , =

α′j =

n∑
i=1

Pijεi = (P1j , . . . , Pnj).

(5¿(P1j , . . . , Pnj)éAP�1j�.) K

B′ = {α′1, . . . , α′n}´kSÄ⇐⇒ P�_.

2



d�, eα = (x1, . . . , xn), K[α]B′ =


x′1
...

x′n

 = P−1


x1
...

xn

. ~X: V = R2, P =

(
cos θ − sin θ

sin θ cos θ

)
.

KP−1 =

(
cos θ sin θ

− sin θ cos θ

)
. d�, α′1 = (cos θ, sin θ)Úα′2 = (− sin θ, cos θ)(©OéAP�ü�)�

¤Ä, Ò´IOÄ^=θ�. eα = (x1, x2), K

[α]B =

(
x1

x2

)
, [α]B′ = P−1

(
x1

x2

)
=

(
x1 cos θ + x2 sin θ

−x1 sin θ + x2 cos θ

)
.

2

§2.5 Ý
�1�m

½Â 2.3. �A =


α1

...

αm

 ∈ Fm×n. Kα1, . . . , αm ∈ Fn¡�A�1�þ,

row(A) := span{α1, . . . , αm}

¡�A�1�m,

rowrank(A) := dim row(A)

¡�A�1�.

·��±é��aq�½Â.

·K 2.5. �A,B ∈ Fm×n.

(1) eB = PA, Krow(B) ⊂ row(A).

(2) eB = PA¿�P�_, Krow(B) = row(A).

(3) B�A1�d⇐⇒ row(B) = row(A).

y². (1) �A ∈ Fm×n, B ∈ F k×n, P ∈ F k×m. �A =


α1

...

αm

 , B =


β1
...

βk

. K

βi =

m∑
j=1

Pijαj ∈ row(A) =⇒ row(B) ⊂ row(A).

(2) d(1)w,.

(3) w,. 2

·K¥�(3)íÑ,�
ïÄrow(A),�IïÄ�A1�d�1{z�FÝ
R�1�mrow(R).

·K 2.6. �R ∈ Fm×n�1{z�FÝ
, KR��"1�¤row(R)�Ä.
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y². �R =



ρ1
...

ρr

0
...

0


, Ù¥ρi ∈ Fn r {0}. �Iyρ1, . . . , ρr�5Ã'. �

∑r
i=1 ciρi = 0. b�ρi¥

Ì�31ki�. K
∑r

i=1 ciρi�1ki�©þ�ci. Ïdci = 0. 2

éuA ∈ Fm×n, P

Ker(A) := {X ∈ Fn×1 | AX = 0},

¡�A�Ø. §Ò´�§|AX = 0�)�m.

íØ 2.7. éA ∈ Fm×nk

dim Ker(A) + rowrank(A) = n.

y². du1�d�Ý
äk�Ó�ØÚ1�m, Ø��A´1{z�FÝ
. �A¥kr��

"1. Kdim Ker(A) = n− r, rowrank(A) = r. 2

·K 2.8. �½��êm,n. �W ⊂ Fn´f�m, dimW ≤ m. K�3���1{z�FÝ


R ∈ Fm×n¦�row(R) = W .

y². �35: �α1, . . . , αm ∈W¦�span{α1, . . . , αm} = W . (~X,�±�W�Ä{α1, . . . , αdimW },

¿�αdimW+1 = · · · = αm = 0.) �A =


α1

...

αm

 ∈ Fm×n, R��A1�d�1{z�FÝ
.

Krow(R) = row(A) = W .

��5: �R,R′ ∈ Fm×n�1{z�FÝ
, row(R) = row(R′). ·�I�y²R = R′.

�R =



ρ1
...

ρr

0
...

0


, R′ =



ρ′1
...

ρ′r′

0
...

0


, Ù¥ρi, ρ′i′ 6= 0. �ρi¥Ì�31ki�, k1 < · · · < kr. Ké?

¿1 ≤ i′ ≤ r′kρ′i′ ∈ span{ρ1, . . . , ρr}, l
/Xρ′i′ =
∑r

i=1 ciρi. �i0´¦ci0 6= 0����I.

Kρ′i′�Ì�31ki0�. ù`²R′�Ì�¤3�7�R�Ì�¤3�. dé¡5, �L5�é. Ï

dR�R′�Ì� ��Ó.AO/, r = r′. ·�UY�	�ªρ′i′ =
∑r

i=1 ciρi. 5¿�ρ
′
i′�1ki′�

©þ�1, �i 6= i′�1ki�©þ�0. 

∑r

i=1 ciρi�1ki��ci. Ïdci = δii′ . ùíÑρ′i′ = ρi′ . 2

5 2.1. lþ¡�y²N´wÑ, Ì�¤3�

{k1, . . . , kr} = {k ∈ {1, . . . , n} |�3(a1, . . . , an) ∈W÷vak = 1, ¿��j < k�kaj = 0}.

íØ 2.9. é?¿A ∈ Fm×n, �3���1{z�FÝ
R ∈ Fm×n�A1�d.

y². �35w,. ��5: XJ1{z�FÝ
R,R′ ∈ Fm×nÑ�A1�d, Krow(R) =

row(A) = row(R′) =⇒ R = R′. 2
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íØ 2.10. �A,B ∈ Fm×n. K�3�X�Ð�1C�òAz�B⇐⇒ row(A) = row(B).

y². “=⇒”w,. “⇐=”: ��X�Ð�1C�òAz�1{z�FÝ
R, ,�X�Ð�1C

�òBz�1{z�FÝ
R′. Krow(R) = row(A) = row(B) = row(R′) =⇒ R = R′. 5¿�Ð

�1C��_, Ïd�3�X�Ð�1C�òRz�B. 2

§2.6 �9f�m�O�

éõ�ÿ¬��e¡�äN¯K: �½α1, . . . , αm ∈ Fn. PW = span{α1, . . . , αm}.

• {α1, . . . , αm}´Ä�5Ã'? dimW =?

• �½β ∈ Fn. ´Äβ ∈W? XJ´, òβL«�β =
∑m

i=1 xiαi.

• �xW , =òWL«�W = {(b1, . . . , bn) ∈ Fn | b1, . . . , bn÷v,
^�}�/ª.

�{�. �αi = (Ai1, . . . , Ain), A =


α1

...

αm

 ∈ Fm×n. K:

• {α1, . . . , αm}�5Ã'⇐⇒

“

(
m∑
i=1

Ai1xi, . . . ,

m∑
i=1

Ainxi

)
=

m∑
i=1

xiαi = 0 =⇒ xi = 0”

⇐⇒ At


x1
...

xm

 = 0�k²�).

(ùpAt ∈ Fn×m�A�=�Ý
,=(At)ij = Aji.) ù�±ÏLéAt�Ð�1C�5)û(�

�uéA�Ð��C�).

• aq/, β = (b1, . . . , bn) ∈ W ⇐⇒ At


x1
...

xm

 =


b1
...

bn

k). ?�Ú�±�Ñf�mW��

x.

• |^þ!�(J,eA ∼ R(1{z�F),KR��"1�row(A) = W�Ä.ù��ÑdimW .

þã�{I�éAÚAtÑ�Ð�1C�.e¡��{�,���Ó,�Jø
n)¯K�,

���Ý.

�{�. éA�Ð�1C�, �A ∼ R(1{z�F), KW = row(A) = row(R). ùíÑ:

• dimW = R��"1��ê. AO/, {α1, . . . , αm}�5Ã'⇐⇒ RÃ"1.

• eR =



ρ1
...

ρr

0
...

0


, ρi 6= 0, K{ρ1, . . . , ρr}´W�Ä.
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e¡�Ä“�½β ∈ Fn. ´Äβ ∈ W? XJ´, òβL«�β =
∑m

i=1 xiαi”�¯K. �ρi¥Ì�3

1ki�, k1 < · · · < kr. PJ = {1, . . . , n}r {k1, . . . , kr}. �β = (b1, . . . , bn). K

b ∈W ⇐⇒ �3c1, . . . , cr ∈ F¦�β =

r∑
i=1

ciρi

⇐⇒ �3c1, . . . , cr ∈ F¦�é?¿1 ≤ j ≤ nkbj =

r∑
i=1

ciRij .

ùíÑé1 ≤ i ≤ rkbki
= ci (5¿Riki

= 1, �i′ 6= i�Ri′ki
= 0). ¤±

bj =

r∑
i=1

bkiRij =
∑

1≤i≤r,ki<j

bkiRij , ∀ j ∈ J.

�L5, XJþª¤á, Kci = bki
÷vé?¿1 ≤ j ≤ nkbj =

∑r
i=1 ciRij . ùÒy²


W = {(b1, . . . , bn) : bj =

r∑
i=1

bki
Rij ,∀j ∈ J}.

5¿ùpkn− r�ªf. �β = (b1, . . . , bn) ∈W�, k

β =

r∑
i=1

bkiρi = (bk1 , . . . , bkr ,

m−r�︷ ︸︸ ︷
0, . . . , 0)R =

(
(bk1 , . . . , bkr ,

m−r�︷ ︸︸ ︷
0, . . . , 0)P

)
A,

Ù¥P ∈ Fm×m�¦PA = R��_Ý
(��Ø��). �

(x1, . . . , xn) = (bk1
, . . . , bkr

,

m−r�︷ ︸︸ ︷
0, . . . , 0)P,

=xj =
∑r

i=1 bki
Pij . K

β = (x1, . . . , xn)A =

m∑
i=1

xiαi.

¦Ý
P��{: e(A, I) ∼ (R,P ), KR = PA. �Ï:

(A, I) ∼ (R,P ) =⇒ �3�_Q ∈ Fm×m¦�Q(A, I) = (R,P )

=⇒ QA = R,Q = P

=⇒ PA = R,P�_.

~ 2.3. (P60~21) �ÄR4. �

α1 = (1, 2, 2, 1), α1 = (0, 2, 0, 1), α1 = (−2, 0,−4, 3).

�{�.

A =


1 2 2 1

0 2 0 1

−2 0 −4 3

 , At =


1 0 −2

2 2 0

2 0 −4

1 1 3

 .
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�§|At


x1

x2

x3

 = βt =


b1

b2

b3

b4

�O2Ý


(At, βt) ∼


1 0 0 b1 − 1

3b2 + 2
3b4

0 1 0 −b1 + 5
6b2 −

2
3b4

0 0 1 − 1
6b2 + 1

3b4

0 0 0 −2b1 + b3

 .

k)�^��2b1 = b3. Ïd

W = {(b1, b2, b3, b4) : 2b1 = b3}.

�β = (b1, b2, b3, b4) ∈W�, - 
x1 = b1 − 1

3b2 + 2
3b4

x2 = −b1 + 5
6b2 −

2
3b4

x3 = − 1
6b2 + 1

3b4

,

Kβ = x1α1 + x2α2 + x3α3. ,��¡, duAt ∼


1 0 0

0 1 0

0 0 1

0 0 0

, �§|AtX = 0�k²�), ùí

Ñ{α1, α2, α3}�5Ã', l
dimW = 3.

�{�. O��(A, I) ∼ (R,P ), Ù¥

R =


1 0 2 0

0 1 0 0

0 0 0 1

 , P =
1

6


6 −6 0

−2 5 −1

4 −4 2

 .

dR�/G�k1 = 1, k2 = 2, k3 = 4, r = 3, J = {3}. dd�dimW = 3, {α1, α2, α3}�5Ã', ¿

�

W = {(b1, b2, b3, b4) : b3 =

3∑
i=1

bki
Ri3 = 2b1}.

�β = (b1, b2, b3, b4) ∈W�, �

(x1, x2, x3) = (b1, b2, b4)P =
1

6
(b1, b2, b4)


6 −6 0

−2 5 −1

4 −4 2

 =
1

6
(6b1−2b2+4b4,−6b1+5b2−4b4,−b2+2b4).

Kβ = x1α1 + x2α2 + x3α3. 2
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