
§2.1 �5�m

�½�FÚ��ên. éux1, . . . , xn ∈ F ,¡n�kS|(x1, . . . , xn)��Fþ�n��þ½n�F -

�þ, ¿¡z�xi�T�þ���©þ.

5 2.1. l8ÜØ��Ý, n�kS|(x1, . . . , xn)�±½Â�N�{1, . . . , n} → F , i 7→ xi.

�Ä8Ü

Fn := {(x1, . . . , xn) | xi ∈ F},

¿3§þ¡½Â

• �þ\{: éα = (x1, . . . , xn), β = (y1, . . . , yn) ∈ Fn, ½Â

α+ β = (x1 + y1, . . . , xn + yn).

• Xþ¦{: éc ∈ F , α = (x1, . . . , xn) ∈ Fn, ½Â

cα = (cx1, . . . , cxn).

~ 2.1. 8ÜR2½R3¥��þ�±n)�²¡½�m¥�:, ��±n)�l�:Ñu��T

:�“�Þ”. α+ βUì²1o>/{K. cα�α���Ó½��, �Ý�α��Ý�|c|�. 2

·�rFnþ��þ\{ÚXþ¦{�5�JõÑ5, Ú\e¡�½Â.

½Â 2.1. �½�F . �8ÜVþ�½
ü�$�:

• �þ\{V × V → V , (α, β) 7→ α+ β;

• Xþ¦{F × V → V , (c, α) 7→ cα,

¿�÷ve¡�5�(¡�ún):

(1) é?¿α, β ∈ Vkα+ β = β + α.

(2) é?¿α, β, γ ∈ Vk(α+ β) + γ = α+ (β + γ).

(3) �30V ∈ V÷vé?¿α ∈ Vkα+ 0V = α.

(4) é?¿α ∈ V , �3β ∈ V÷vα+ β = 0V .

(5) é?¿α ∈ Vk1Fα = α.

(6) é?¿c1, c2 ∈ FÚα ∈ Vk(c1c2)α = c1(c2α).

(7) é?¿c ∈ FÚα, β ∈ Vkc(α+ β) = cα+ cβ.

(8) é?¿c1, c2 ∈ FÚα ∈ Vk(c1 + c2)α = c1α+ c2α.

K¡V��Fþ��5�m½�þ�m,{¡�F -�5�m½F -�þ�m. V¥���¡��þ.

5�(3)¥�0V¡�"�þ½�:(�ÃÜÂ�{P�0). 5�(4)¥�β¡�α�K�þ,P�−α.

~ 2.2. Fn´F -�5�m. Ù¥

0Fn = (0F , . . . , 0F ),

¿�éα = (x1, . . . , xn)k

−α = (−x1, . . . ,−xn).

2

�5�m¥���Ø�½´ý�“�þ”. ~Xe¡�~f.

~ 2.3. C´Rþ��5�m. Cn�´Rþ��5�m. 5¿Cn��¢�5�mÚE�5�m´
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ØÓ��5�m. ��/, eV´E�5�m, KÏL�1“#KE(�”�ö�(=3�Xþ¦

{(c, α) 7→ cα��#Nc ∈ R), �±rVÀ�¢�5�m. ���/, eF ′´F�f�, KF´F ′-

�5�m, Fn�´F ′-�5�m, ?¿F -�5�m�“#KF -(�”��F ′-�5�m. 2

~ 2.4. �½8ÜS. �ÄN�(¼ê)�8Ü

FS := {f : S → F}.

½Â

(f + g)(s) = f(s) + g(s), ∀f, g ∈ FS , s ∈ S,

(cf)(s) = cf(s), ∀s ∈ S, c ∈ F, f ∈ FS .

e¡�yù�½Â�“�þ”\{ÚXþ¦{÷vún(1)–(8), l
¦FS¤�F -�5�m.

(1).

(f + g)(s) = f(s) + g(s) = g(s) + f(s) = (g + f)(s),∀s ∈ S =⇒ f + g = g + f.

(2).

((f + g) + h)(s) = (f + g)(s) + h(s) = (f(s) + g(s)) + h(s),

(f + (g + h))(s) = f(s) + (g + h)(s) = f(s) + (g(s) + h(s)).

üªm>��. ¤±(f + g) + h = f + (g + h).

(3). �0FS�3Sþð�u0F�¼ê.

(4). éf ∈ FS , -(−f)(s) = −f(s).

(5)–(8)w,.

5¿��S = {1, . . . , n}�, f : {1, . . . , n} → F�±�Óu(f(1), . . . , f(n)) ∈ Fn. �L5,

(x1, . . . , xn) ∈ Fn��Óudf(i) = xi½Â�f : {1, . . . , n} → F . ù�F {1,...,n} ∼= Fn. 2

Ún 2.1. 3�5�m¥, "�þ´���, ?¿�þ�K�þ�´���.

y². �Ún1.1Ú1.2�y²aq. �0V , 0
′
V ∈ V÷vé?¿α ∈ Vk0V + α = α, 0′V + α = α.

31��ªf¥�α = 0′V , �0V + 0′V = 0′V . 31��ªf¥�α = 0V , �0′V + 0V = 0V .

�0V + 0′V = 0′V + 0V . ¤±0′V = 0V . �y²K�þ���5, �α ∈ V , ¿�β, β′ ∈ V÷

vα+ β = α+ β′ = 0V . K

β′ = 0V + β′ = (β + α) + β′ = β + (α+ β′) = β + 0V = β.

2

5 2.2. • 5¿ùp��á�«O: ·�3�5�m�½Â¥Ø�¦"�þÚK�þ���

5, 
´d½ÂíÑ§����5. ù���`:´{z
~f��y.

• aq�y²Ñy
ng(Ù¦üg�Ún1.1Ú1.2�y²), �Ï´·�vkéïÄé�?1

¿©�“únz”. ¯¢þ, Ún1.1!1.2Ú2.1¥���5Ñ�±8(�+¥ü �Ú_��

��5. �N3±��ùÂ¥¬k0�+�Vg.

dún(1)Ú(2), é?¿k��α1, . . . , αn ∈ V , L�ª
∑n

i=1 αik¿Â(��\gSÃ'). N

´�y: ∑
ciαi +

∑
diαi =

∑
(ci + di)αi,

c
∑

ciαi =
∑

(cci)αi.

·K 2.2. �V´�Fþ��5�m. K
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(1) (\{��Ç) �α, β, γ ∈ V . XJα+ γ = β + γ, Kα = β.

(2) c0V = 0V ,∀c ∈ F .

(3) 0Fα = 0V ,∀α ∈ V .

(4) cα = 0V =⇒ c = 0F½α = 0V .

(5) (−1F )α = −α,∀α ∈ V .

y². (1) ü>Ó�\þ−γ, �

(α+ γ) + (−γ) = (β + γ) + (−γ).




(α+ γ) + (−γ) = α+ (γ + (−γ)) = α+ 0 = α.

aq/,

(β + γ) + (−γ) = β.

Ïdα = β. (5¿ùp�y²�·K1.3(1)�y²aq, üöÑ�±8(�+$����Æ.)

(2). 5¿�0V +0V = 0V . Ïdc(0V +0V ) = c0V . ùíÑc0V +c0V = c0V +0V . d(1)�c0V =

0V .

(3). 5¿�0F + 0F = 0F . Ïd(0F + 0F )α = 0Fα. ùíÑ0Fα + 0Fα = 0Fα + 0V .

d(1)�0Fα = 0V .

(4) ec 6= 0F , Kc−1(cα) = (c−1c)α = 1Fα = α. ,��¡, d(2)kc−1(cα) = c−10V = 0V .

Ïdα = 0V .

(5) dK�þ���5, �Iy²α+ (−1F )α = 0V . ù�±|^(3)�yXe:

α+ (−1F )α = 1Fα+ (−1F )α = (1F + (−1F ))α = 0Fα = 0V .

2

SK 2.1. �F´�.

1. (¦{��Ç) �F´�, V´F -�5�m. y²:

(1) éuc ∈ F r {0F }, α, β ∈ V , XJcα = cβ, Kα = β.

(2) éuc1, c2 ∈ F , α ∈ V r {0V }, XJc1α = c2α, Kc1 = c2.

2. y²Cn3�þ\{

(x1, . . . , xn) + (y1, . . . , yn) = (x1 + y1, . . . , xn + yn)

ÚXþ¦{

c(x1, . . . , xn) = (c̄x1, . . . , c̄xn)

e�¤�5�m. (ù��5�m¡�Cn�E�Ý�m.)
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§2.2 f�m

½Â 2.2. �V´�Fþ��5�m, W´V�f8. XJ

(1) 0 ∈W ;

(2) é?¿α, β ∈Wokα+ β ∈W ;

(3) é?¿α ∈WÚc ∈ Fokcα ∈W .

K¡W´V�(�5)f�m.

N´wÑ,XJW´V�f�m,KVþ��þ\{ÚXþ¦{�±��3Wþ,l
¦W¤

�F -�5�m.

~ 2.5. • W = V½{0}¡�V�²�f�m. 5¿�8Ø´V�f�m.

• F = R, V = R2, W =L�:���.

• F = R, V = R3, W =L�:���½²¡.

• V = Fn.

W = {(x1, . . . , xn) ∈ V | x1 = 0}

Ú

W = {(x1, . . . , xn) ∈ V | x1 = 2x2}

´f�m. 


W = {(x1, . . . , xn) ∈ V | x1 = 1 + x2}

Ø´f�m.

• V = FF = {?¿¼êf : F → F}, W = {õ�ª¼êf : F → F}. ùpõ�ª¼ê�/
Xf(x) = c0 + c1x+ · · ·+ cnx

n(ci ∈ F )�¼ê.

½Â 2.3. β ∈ V¡�α1, . . . , αn ∈ V��5|Ü, XJ�3c1, . . . , cn ∈ F÷vβ =
∑n

i=1 ciαi.

·K 2.3. éuV�f8W , TFAE:

(1) W´f�m.

(2) W��, ¿�W¥?¿k���þ��5|ÜE3W¥.

(3) 0 ∈W , ¿�é?¿α, β ∈WÚc ∈ Fokcα+ β ∈W .

y². “(1)=⇒(2)”. w,W��.eα1, . . . , αn ∈W , c1, . . . , cn ∈ F ,Kciαi ∈W ,l

∑n

i=1 ciαi ∈
W .

“(2)=⇒(3)”. duW��, ¤±�±�α ∈ W . 
0 = 0α´α��5|Ü. ¤±0 ∈ W . ,�

(Øw,.

“(3)=⇒(1)”. �α, β ∈ W . Kα + β = 1α + β ∈ W . ,��¡, �α ∈ W , c ∈ F , Kcα =

cα+ 0 ∈W . 2

3�yV�f8´f�m�, |^·K2.1(3)¬'|^½Â���B.

e¡?Øf�m���Ú. éuf8S1, . . . , Sk ⊂ V , P
k∑

i=1

Si :=

{
k∑

i=1

αi | αi ∈ Si

}
.

·K 2.4. (1) �{Wa | a ∈ A}´V��xf�m. K
⋂

a∈AWa�´V�f�m.
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(2) �W1, . . . ,Wk´V�f�m. K
∑k

i=1Wi�´V�f�m.

y². (1). Äk,é?¿a ∈ Ak0 ∈Wa,¤±0 ∈
⋂

a∈AWa. ,��¡,�α, β ∈
⋂

a∈AWa, c ∈ F .

Ké?¿a ∈ Akα, β ∈Wa, l
cα+ β ∈Wa. Ïdcα+ β ∈
⋂

a∈AWa.

(2). w,0 ∈
∑k

i=1Wi. �α, β ∈
∑k

i=1Wi, c ∈ F . Kα =
∑k

i=1 αi, β =
∑k

i=1 βi, Ù

¥αi, βi ∈Wi. 5¿�cαi + βi ∈Wi. u´

cα+ β =

k∑
i=1

(cαi + βi) ∈
k∑

i=1

Wi.

2

~ 2.6. �V = F 4,

W1 = {(x, y, z, 0) | x, y, z ∈ F},

W2 = {(x, 0, 0, y) | x, y ∈ F}.

K

W1 +W2 = V, W1 ∩W2 = {(x, 0, 0, 0) | x ∈ F}.

2

·K 2.5. �S ⊂ V��. P

span(S) := {S¥?¿k���þ��5|Ü}.

Kspan(S)´f�m.

y². w,0 ∈ span(S). �α, β ∈ span(S), c ∈ F . Kα =
∑m

i=1 ciαi, β =
∑n

j=1 djβj , Ù

¥αi, βj ∈ S. l


cα+ β =

m∑
i=1

(cci)αi +

n∑
j=1

djβj ∈ span(S).

2

½Â 2.4. span(S)¡�dS)¤�f�m. XJS = {α1, . . . , αn}k�,�¡span(S)�dα1, . . . , αn

)¤�f�m, P�span{α1, . . . , αn}. ·��½span(∅) = {0}.

·K 2.6. �S ⊂ V . K

(1) XJW´V�f�m¿��¹S, KW�¹span(S). l
span(S)´�¹S���f�m.

(2)

span(S) =
⋂

W´V��¹
S�f�m

W.

y². (1) eS = ∅Kw,. �S 6= ∅. Ké?¿α ∈ span(S)kα =
∑n

i=1 ciαi, Ù¥αi ∈ S ⊂ W .

Ïdα ∈W . ù`²span(S) ⊂W .

(2) P·K¥��8�W ′. §´V�f�m¿��¹S. d(1)=�span(S) ⊂ W ′. ,��

¡, dW ′�½Â, §�¹3z��¹S�f�m�¥. 
span(S)´�¹S�f�m. ÏdW ′ ⊂
span(S). ùÒ`²
span(S) = W ′. 2

·K 2.7. �W1, . . . ,Wk´V�f�m. K
∑k

i=1Wi = span
(⋃k

i=1Wi

)
.

y². 5¿�
⋃k

i=1Wi ⊂
∑k

i=1Wi. d·K2.6(1)=�span
(⋃k

i=1Wi

)
⊂
∑k

i=1Wi. ,��¡,

é?¿α ∈
∑k

i=1Wikα =
∑k

i=1 αi, Ù¥αi ∈ Wi ⊂
⋃k

i=1Wi. ¤±α ∈ span
(⋃k

i=1Wi

)
. ù`
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²
∑k

i=1Wi ⊂ span
(⋃k

i=1Wi

)
. Ïdk

∑k
i=1Wi = span

(⋃k
i=1Wi

)
. 2

~ 2.7. �F = R, V = R5, α1 = (1, 2, 0, 3, 0), α2 = (0, 0, 1, 4, 0), α3 = (0, 0, 0, 0, 1). K

span{α1, α2, α3} = {c1α1 + c2α2 + c3α3 | ci ∈ R}

= {(c1, 2c1, c2, 3c1 + 4c2, c3) | ci ∈ R}

= {(x1, . . . , x5) | x2 = 2x1, x4 = 3x1 + 4x3}.

2

~ 2.8. �V = {f : F → F´õ�ª¼ê}. ½Âfn ∈ V�fn(x) = xn, n = 0, 1, . . .. K

span{f0, f1, . . .} = V.

2

SK 2.2. 1. �V�F -�5�m, W1,W2 ⊂ V�ýf�m. y²W1 ∪W2 6= V .

2. �V�F -�5�m, M,N ⊂ V�f�m, N ⊂M . y²é?¿f�mW ⊂ Vk

M ∩ (N +W ) = N + (M ∩W ).

§2.3 ÄÚ�ê

�½�FÚF -�5�mV .

½Â 2.5. (1) �S = {α1, . . . , αn}�V�k���f8. XJ�3Ø��"�c1, . . . , cn ∈ F÷
v
∑n

i=1 ciαi = 0, K¡S�5�'. ÄK, ¡S�5Ã'. �A/, ·��¡�þα1, . . . , αn�

5�'½�5Ã'.

(2) �S�V�?¿��f8. XJSäkk����5�'f8, K¡S�5�'. ÄK, ¡S�

5Ã'.

(3) �½�8´�5Ã'�.

5 2.3. • N´wÑ, XJ(2)¥�f8Sk�, K½Â�(1)��.

• α1, . . . , αn ∈ V�5Ã'⇐⇒XJc1, . . . , cn ∈ F÷v
∑n

i=1 ciαi = 0, Kc1 = · · · = cn = 0.

• S ⊂ V�5Ã'⇐⇒ S�?¿k�f8�5Ã'.

• eS ⊂ T ⊂ V , KS�5�'=⇒ T�5�', T�5Ã'=⇒ S�5Ã'.

• e0V ∈ SKS�5�': 1F 0V = 0V .

~ 2.9. �F = C, V = C3, α1, . . . , α4�P41. K§��5�': 2α1 + 2α2 − α3 + 0α4 = 0. 2

½Â 2.6. �S ⊂ V . XJS�5Ã'¿�)¤V , K¡S´V�Ä. XJV�3k�Ä, K¡V´

k���; ÄK, ¡V´Ã¡��.

~ 2.10. �8´"�5�m{0}�Ä. 2

~ 2.11. �V = Fn. �ε1 = (1, 0, . . . , 0), . . . , εn = (0, . . . , 0, 1). K{ε1, . . . , εn}´Fn�Ä, ¡

�Fn�IOÄ. �yXe:

�5Ã': �c1, . . . , cn ∈ F÷v
∑n

i=1 ciεi = 0, K(c1, . . . , cn) = 0, =c1 = · · · = cn = 0.

span{ε1, . . . , εn} = V : é?¿α = (x1, . . . , xn) ∈ Fn, kα =
∑n

i=1 xiεi ∈ span{ε1, . . . , εn}.

6



ù`²Fn´k���. 2

~ 2.12. �F´C�f�, V = {õ�ª¼êf : F → F}. ½Âfk ∈ V�fk(x) = xk, k ∈ N ∪ {0}.
KS := {fk | k ∈ N ∪ {0}}´V�Ä:

span(S) = V : �þ�!.

S�5Ã': é?¿pØ�Ó�fk1 , . . . , fkn , XJc1, . . . , cn ∈ F÷v
∑n

i=1 cifki = 0, K
n∑

i=1

cix
ki =

n∑
i=1

cifki
(x) =

(
n∑

i=1

cifki

)
(x) = 0, ∀x ∈ F.

duF ⊂ C, ¤±¹kÃ¡õ���. 
�"Eõ�ª�kk�õ��, ¤±ci = 0. 2

þ�~f¥��mV´Ã¡��: é?¿k�8T = {g1, . . . , gr} ⊂ V , �3��êN÷

vdeg gi < N , u´fN /∈ span(T ), l
span(T ) 6= V . ·�e¡y²aq�y�3���¹o¤

á, =k���5�m�?¿Äk�.

½n 2.8. �S, T��5�mV�k�f8. b�S�5Ã', T)¤V . K|S| ≤ |T |.

y². �S = {α1, . . . , αm}, T = {β1, . . . , βn}. �ÄV�f�m

Mi = span{α1, . . . , αi}, i = 1, . . . ,m,

Nk = span{β1, . . . , βk}, k = 1, . . . , n,

¿�½M0 = N0 = {0}. K½n�^�íÑNn = V ,¿�éz�i ∈ {1, . . . ,m}kMirMi−1 6= ∅.

Pki ∈ {1, . . . , n}�¦�(Mi rMi−1) ∩Nki
6= ∅����I. ·�y²k1, . . . , kmpØ�Ó. b�

�3i, j ∈ {1, . . . ,m}, i < j, ÷vki = kj = k. �

γi ∈ (Mi rMi−1) ∩Nk, γj ∈ (Mj rMj−1) ∩Nk.

·�äó�3c ∈ F¦�cγi + γj ∈ Nk−1. ¯¢þ, �

γi =

k∑
r=1

arβr, γj =

k∑
r=1

brβr.

du(Mi rMi−1) ∩ Nk−1 = ∅, ¤±ak 6= 0. �c = −a−1k bk=÷v�¦. ,��¡, dui < j,

·�kMi ⊂ Mj−1. ùíÑcγi + γj ∈ Mj rMj−1. (Üå5kcγi + γj ∈ (Mj rMj−1) ∩ Nk−1,

�(Mj rMj−1) ∩Nk−1 = ∅gñ. ùÒy²
k1, . . . , km ∈ {1, . . . , n}pØ�Ó. Ïdm ≤ n. 2

3SK¥ò|^8B{�Ñ½n2.8�,�����*�y².

íØ 2.9. �V´k���5�m, KV�?¿Äk�, ¿�?¿ü|Ä¹k�Ó��þ�ê.

y². duV�3k�Ä, d½n2.8, V�?¿Äk�. ?�Ú, ½n2.8íÑéV�?¿ü|

ÄS1, S2k|S1| ≤ |S2|¿�|S2| ≤ |S1|. Ïd|S1| = |S2|. 2

½Â 2.7. �V´k���5�m, V�Ä¹k��Ó�þ�ê¡�V��ê, P�dimV .

þ¡�~f®²`², dimFn = n, dim{0} = 0.

íØ 2.10. �V´k���5�m, S ⊂ V .

(1) XJS�5Ã', K|S| ≤ dimV . ÏddimV´V��5Ã'f8¥�þ�ê����.

(2) XJS)¤V , K|S| ≥ dimV . ÏddimV´V�)¤��m�f8¥�þ�ê����.

y². d½n2.8w,. 2

½n 2.11. �V´k���5�m, W ⊂ V´f�m, S1 ⊂ S2 ⊂ W . b�S1�5Ã', S2)

¤W . K�3W�ÄS0÷vS1 ⊂ S0 ⊂ S2.
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y². �ÄV�f8x

F = {S ⊂ V | S1 ⊂ S ⊂ S2, S�5Ã'}.

5¿�S1 ∈ F. ¤±F��. díØ2.10(1), F¥�8Ü�õ¹kdimV��þ. u´, F¥�8Ü

¹k��þ�ê�3���,��n. �S0 = {α1, . . . , αn} ∈ F. ·�y²S2 ⊂ span(S0). eØ,,

K�±�β ∈ S2 r span(S0). ·��yS0 ∪ {β}�5Ã'.b�
∑n

i=1 aiαi + bβ = 0. XJb 6= 0, K

β =

n∑
i=1

(−b−1ai)αi ∈ span(S0),

gñ. Ïdb = 0. ùíÑ
∑n

i=1 aiαi = 0. duS0�5Ã', ùíÑai = 0. ù`²S0 ∪ {β}�5Ã
'.5¿�S1 ⊂ S0 ∪ {β} ⊂ S2. ¤±S0 ∪ {β} ∈ F. �´|S0 ∪ {β}| = n+ 1, �n���5gñ. ù

Òy²
S2 ⊂ span(S0). l
span(S2) ⊂ span(S0). ,��¡, w,kspan(S0) ⊂ span(S2). ¤

±span(S0) = span(S2) = W . ÏdS0´W�Ä. 2

íØ 2.12. �V´k���5�m, S ⊂ V .

(1) eS�5Ã', KS�±*¿�V�Ä.

(2) eS)¤V , KS�,�f8�V�Ä.

y². (1) 3½n2.11¥�W = V , S1 = S, S2 = V .

(2) 3½n2.11¥�W = V , S1 = ∅, S2 = S. 2

íØ 2.13. �V´k���5�m, S ⊂ V÷v|S| = dimV . b�S�5Ã'½öS)¤V .

KS´V�Ä.

y². XJS�5Ã', KS�±*¿�V�ÄS1. �´|S| = dimV = |S1|. ÏdS = S1´Ä. a

q/, XJS)¤V , K�3V�ÄS2 ⊂ S. �´|S| = dimV = |S2|. ÏdS = S2´Ä. 2

�e5�Äf�m��ê5�.

íØ 2.14. �V´k���5�m, W ⊂ V´f�m. K

(1) W´k���5�m, ¿�dimW ≤ dimV ;

(2) eW´ýf�m, KdimW < dimV .

y². (1) 3½n2.11¥�S1 = ∅, S2 = W , ��W�3ÄS. duS�5Ã', díØ2.10(1),

k|S| ≤ dimV . ÏdW´k���, ¿�dimW ≤ dimV .

(2) �W�ÄS. XJdimW = dimV , K|S| = dimV . duS�5Ã', díØ2.13, S´V�

Ä, l
W = span(S) = V , gñ. 2

½n 2.15. �W1,W2´�5�mV�k��f�m, KW1 +W2´k���, ¿�

dimW1 + dimW2 = dim(W1 +W2) + dim(W1 ∩W2).

y². Ï�W1,W2k��, ¤±W1 ∩ W2k��. �W1 ∩ W2�Ä{α1, . . . , αd}, ¿©O*¿
�W1�Ä{α1, . . . , αd, β1, . . . , βm}ÚW2�Ä{α1, . . . , αd, γ1, . . . , γn}. ·�äó:

{α1, . . . , αd, β1, . . . , βm, γ1, . . . , γn}

´W1 +W2�Ä. �yXe:

�5Ã': �
∑
xiαi +

∑
yjβj +

∑
zkγk = 0. 5¿�

∑
xiαi +

∑
yjβj ∈ W1, ¤±

∑
zkγk ∈

W1. ,��¡, �k
∑
zkγk ∈ W2. ¤±

∑
zkγk ∈ W1 ∩W2. u´�3ci¦

∑
zkγk =

∑
ciαi. �

´{αi, γk}�5Ã'. ¤±zk = ci = 0. ù?�ÚíÑ
∑
xiαi +

∑
yjβj = 0. du{αi, βj}�5Ã
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', ¤±xi = yj = 0. Ïdxi = yj = zk = 0.

span{αi, βj , γk} = W1 +W2: “⊂”: span{αi, βj , γk}¥�?¿�þα/X

α =
∑

xiαi +
∑

yjβj +
∑

zkγk.

du
∑
xiαi +

∑
yjβj ∈W1,

∑
zkγk ∈W2, ¤±α ∈W1 +W2.

“⊃”: W1 +W2¥�?¿�þα/Xα = β + γ, Ù¥β ∈W1, γ ∈W2. 


W1 = span{αi, βj} ⊂ span{αi, βj , γk}, W2 = span{αi, γk} ⊂ span{αi, βj , γk}.

¤±β, γ ∈ span{αi, βj , γk}. Ïdα = β + γ ∈ span{αi, βj , γk}.

däó=�W1 +W2´k���, ¿�

dim(W1 +W2) = d+m+ n = (d+m) + (d+ n)− d = dimW1 + dimW2 − dim(W1 ∩W2).

2

SK 2.3. 1. �V�F -�5�m, S ⊂ V�5Ã', α ∈ V r S. y²S ∪ {α}�5Ã'�¿©7
�^�´α /∈ span(S).

2. �V�F -�5�m, S1, S2, S3´V�f8, Wi = span(Si) (i = 1, 2, 3). b�S1 ∪ S2 ∪ S3�5

Ã'. y²

W1 ∩ (W2 +W3) = (W1 ∩W2) + (W1 ∩W3).

3. (SteinitzO�Ún) 3½n2.8�^�e, ^8B{y²: é?¿0 ≤ k ≤ min{|S|, |T |}, �
3Sk ⊂ SÚTk ⊂ T¦�|Sk| = |Tk| = k¿�(T r Tk) ∪ Sk)¤V .

4. |^SteinitzO�Ún�Ñ½n2.8�,��y².

5. �m,n���ê, aij , bi ∈ F (1 ≤ i ≤ m, 1 ≤ j ≤ n). �Ä'u��þx1, . . . , xn ∈ F��§
| 

a11x1 + · · ·+ a1nxn = b1,

...

am1x1 + · · ·+ amnxn = bm.

(1) b�m < n, ¿�b1 = · · · = bm = 0. y²�§|k�")(=x1, . . . , xnØ��"�)).

(2) b�m > n. y²�3b1, . . . , bm ∈ F¦��§|Ã).

(J«: ©ÛFm¥��þ8{(a1j , . . . , amj) | 1 ≤ j ≤ n}´Ä�5Ã', ´Ä)¤��m.)

6. �V�k��F -�5�m, dimV = n ≥ 2. �V�2n−2�f�mM1, . . . ,Mn−1, N1, . . . , Nn−1÷

v

dimMi = dimNi = i, i = 1, . . . , n− 1,

¿�

M1 ⊂M2 ⊂ · · · ⊂Mn−1, N1 ⊂ N2 ⊂ · · · ⊂ Nn−1.

y²�3V�ÄS, ¦�ù2n− 2�f�m¥�z��þdS�,�f8)¤.

7. �V�k��F -�5�m, W1,W2,W3´V�f�m. y²

dim(W1 +W2 +W3) ≤dimW1 + dimW2 + dimW3

− dim(W1 ∩W2)− dim(W2 ∩W3)− dim(W3 ∩W1)

+ dim(W1 ∩W2 ∩W3).
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