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½n 1. ?¿�5�m�3Ä.

·�k^�È���{}Áy². �{zQã, æ^�y{. b�,�F -�5�mVØ�3

Ä, =V�?¿�5Ã'f8SØ)¤V . K�±��þ

α1 ∈ V r {0}, α2 ∈ V r span{α1}, . . . , αk+1 ∈ V r span{α1, . . . , αk}, . . .

3ù�L§¥, �þ8{α1, . . . , αk}o´�5Ã'�. Ã¡�þ8{α1, α2, . . .}�´�5Ã'�.

u´·��±UY��þ

β1 ∈ V r span{α1, α2, . . .}, β2 ∈ V r span({α1, α2, . . .} ∪ {β1}), . . .

�þ8{α1, α2, . . .} ∪ {β1, . . . , βk}Ú{α1, α2, . . .} ∪ {β1, β2, . . .}Ñ´�5Ã'�. u´·��±3

V r span({α1, α2, . . .} ∪ {β1, β2, . . .})

¥UY��þ. �´, ù�±Ye�, =¦�Ñ
Ã¡õ1�þ, ·��J±��gñ. ù´Ï

�þ¡�g´�½
·��U�Ñ�êõ��þ, 
(¢�3Ã�êÄ��5�m£~XR�
�Q-�5�m¤. �
�¤y², ·�Ó��Ä¤k/X

{α1, . . . , αk}, {α1, α2, . . .} ∪ {β1, . . . , βl}

��þ8, ¿�F"3z�ù���þ8�¥NyÑ�þÀ�gS�&E. �d, ·�rþã�

þ8O��8Üx

{{α1}, {α1, α2}, . . . , {α1, . . . , αk}},
{{α1}, {α1, α2}, . . .} ∪ {{α1, α2, . . .} ∪ {β1}, . . . , {α1, α2, . . .} ∪ {β1, . . . , βl}}.

(1)

ù«8ÜxF���A:´: é?¿S ∈ F , XJ·��ÄF¥¤ký�¹uS�8Ü�¿8U ,

¿ò�ÑU¥¤k�þ�2g�Ñ�1���þP�α, KS = U ∪ {α}. ÏLÓ��Ä¤k/
X(1)�8Üx, ·��±�Ñe¡�y².

½n1�y². ^�y{. b�,�F -�5�mVØ�3Ä, =?¿�5Ã'f8S ⊂ VØ)

¤V . éz��5Ã'f8S ⊂ V ,�½�þα(S) ∈ V r span(S). éuV�f8xF9S ∈ F ,P

∪F =
⋃

A∈F

A, FS = {T ∈ F : T ( S}.

e¡²(“/X(1)�8Üx”�(�¹Â. ·�¡V�f8xF��NN�, XJ:

(i) F¥8Üþ�5Ã';

(ii) é?¿S, T ∈ F , okS ⊂ T½T ⊂ S;

(iii) F�?¿��fxF ′ ⊂ F¥ok��8Ü,=�3S ∈ F ′,¦�é?¿T ∈ F ′,okS ⊂ T ;

(iv) é?¿S ∈ F , okS = (∪FS) ∪ {α(∪FS)}.

5¿(i)Ú(ii)íÑ∪F�5Ã',l
(iv)¥�α(∪FS)k¿Â.N´wÑ,�x�NN;¿�XJF�

NN, KF ∪
{
(∪F ) ∪ {α(∪F )}

}
�NN. AO/, eP

α1 = α(∅), α2 = α({α1}), α3 = α({α1, α2}), . . .

β1 = α({α1, α2, . . .}), β2 = α({α1, α2, . . .} ∪ {β1}), β3 = α({α1, α2, . . .} ∪ {β1, β2}), . . .

K(1)¥�8Üx�NN.

1p�¢���Öá�, >�ö: S7+, 2021c10�
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·�y²: é?¿ü�ØÓ��NNf8xFÚG , �o�3S ∈ F¦G = FS , �o�

3T ∈ G¦F = GT . �Ä

H = {A ∈ F ∩ G : FA = GA}.

·�k�y: �oH = F , �o�3S ∈ F¦H = FS . b�H 6= F . �F r H¥���8

ÜS. KFS ⊂ H . ,��¡, XJ�3A ∈ H r FS , KS ∈ FA = GA, AO/kS ∈ F ∩ G , q

dS ⊂ A�S ∈ H , gñ. ùÒy²
H = FS . aq/, �oH = G , �o�3T ∈ G¦H =

GT . b�H 6= F¿�H 6= G . K�3S ∈ F�T ∈ G¦H = FS = GT . u´

S = (∪FS) ∪ {α(∪FS)} = (∪GT ) ∪ {α(∪GT )} = T.

ù`²S ∈ H , �H = FSgñ. Ïd�UkH = F½G . XJH = F , KH 6= G , l
�

3T ∈ G¦H = GT . ù`²F = GT . aq/, XJH = G , K�3S ∈ F¦G = FS .

�Ä¤k�NNf8x�¿, P�E . ·��yE�NN:

• E¥8Üþ�5Ã': w,.

• é?¿S, T ∈ EokS ⊂ T½T ⊂ S: ��NNf8xF ,G©O�¹S, T . dþ�ã, kF ⊂
G½G ⊂ F . ¤±S, T�¹3Ó���NNf8x�¥, u´k�¹'X.

• E�?¿��fxE ′ ⊂ E¥ok��8Ü:��NNf8xF÷vF∩E ′ 6= ∅,¿�F∩E ′¥

���8ÜS. ·��yS�´E ′¥���8Ü. �T ∈ E ′. eT ∈ F , Kw,S ⊂ T .

�T /∈ F . ��NNf8xG÷vT ∈ G , KG 6⊂ F , u´�3U ∈ G¦F = GU . ùí

ÑS ⊂ U ⊂ T .

• é?¿S ∈ E , okS = (∪ES) ∪ {α(∪ES)}: ��¹S��NNf8xF . KS = (∪FS) ∪
{α(∪FS)}. �IyES = FS . w,FS ⊂ ES . �y²ES ⊂ FS ,�IyES ⊂ F . �T ∈ ES ,¿

��¹T��NNf8xG . eG ⊂ F , Kw,T ∈ F . �G 6⊂ F . K�3U ∈ G¦F = GU .

dT ⊂ SÚS ∈ F = GU=�T ∈ GU = F .

ùÒ�y
E�NN.dE�½Â,§�¹¤k�NNf8x. �f8xE ∪
{
(∪E )∪ {α(∪E )}

}
�

´�NN�, ¿�Ø�¹3E¥, gñ. 2

3þ¡�y²¥,·�éV�¤k�5Ã'f8S,�g5/�½
�þα(S) ∈ V rspan(S).

ù��uÀ�
N�

α : V�¤k�5Ã'f8�¤�f8x −→ V,

¦�é?¿�5Ã'f8S ⊂ V , okα(S) ∈ V r span(S). 3êÆy²¥´Ä#N�aq�ö

�, {¤þQ²Úå�
�Æ, �3y�êÆ¥®²�ÊH�É, ¿�o(�e¡�ún:

ÀJún. é?¿��8ÜX, �3N�f : P(X) r {∅} → X, ¦�éX�?¿��f8Y , o

kf(Y ) ∈ Y .

ùpP(X)�X��8, =dX�¤kf8�¤�f8x. ÷vÀJún�N�f¡�ÀJ

¼ê.

þ¡½n1�y²�6uÀJún. ·�7L«@, Ty²¿Ø²�. éõ­�êÆ½n�

y²�6uÀJún. éuÙ¥��
½n,XJ��|^ÀJún5y²,ØyL§�þ¡½

n1�y²kaq�Ü©. <�rù
aq�Øy“��µC”��å, y²
����5(J,

¡�ZornÚn. |^ZornÚn5y²ù
½n£~Xþ¡�½n1¤, Qã¬��{z.

�
Qã¿y²ZornÚn, ·�kÚ\e¡�Vg.

2



½Â 1. �X�8Ü.

(1) Xþ� S�÷ve�^��Xþ���'X“≤”:

– é?¿x ∈ X, okx ≤ x;

– éx, y ∈ X, XJx ≤ y¿�y ≤ x, Kx = y;

– éx, y, z ∈ X, XJx ≤ y¿�y ≤ z, Kx ≤ z.

(2) Xþ��S�÷veã^�� S“≤”: é?¿x, y ∈ X, okx ≤ y½y ≤ x.

(3) Xþ�ûS�÷veã^���S“≤”: X�z���f8k���, =é?¿���Y ⊂
X, �3y0 ∈ Y , ¦�é?¿y ∈ Y , oky0 ≤ y.

5. ùp���'X�X ×X���f8R. �(x, y) ∈ R�, ·�Px ≤ y.

·�2Ú\A�VgÚPÒ.

½Â 2. �X� S8.

(1) éx, y ∈ X, XJx ≤ y¿�x 6= y, KPx < y.

(2) éuX�f8Y , ¡x ∈ X�Y3X¥�þ., XJé?¿y ∈ Y , oky ≤ x.

(3) ¡x ∈ X�X�4��, XJØ�3x′ ∈ X¦�x < x′.

ZornÚn. �X� S8. b�X�?¿�Sf83X¥kþ.. KXk4��.

3e¡�y²¥, ·�=^�“X�?¿ûSf83X¥kþ.”ù��f�^�.

y². ^�y{. b�XÃ4��. ·�äó: X�?¿ûSf8A3X r A¥kþ.. ��y

äó, �A�þ.x ∈ X. XJx /∈ A, Käó¤á. XJx ∈ A, duxØ´X�4��, ¤±�

3x′ ∈ X÷vx < x′, u´A¥z���î��ux′, ù`²x′�´A�þ., ¿�x′ /∈ A. ùÒ�
y
äó.

dÀJún, ��ÀJ¼êf : P(X)r {∅} → X. dþãäó, é?¿ûSf8A ⊂ X, 8

Ü

UA := {x ∈ X rA : x�A�þ.}

��. Pg(A) = f(UA). �Ò´`, éX�¤kûSf8A, ·��g5/�½
A3X r A¥�

þ.g(A). éuA ⊂ XÚa ∈ A, P

A<a = {x ∈ A : x < a}.

·�¡X�f8A��NN�,XJA´ûS�,¿�é?¿a ∈ Aokg(A<a) = a. N´wÑ,�

8�NN; ¿�XJA�NN, KA ∪ {g(A)}�NN.

·�ky²: é?¿ü�ØÓ��NN8AÚB,�o�3a ∈ A¦B = A<a,�o�3b ∈ B
¦A = B<b. P

C = {c ∈ A ∩B : A<c = B<c}.

·��y: �oC = A, �o�3a ∈ A¦C = A<a. b�C 6= A. duA´ûS�, {8A r C¥

�3���a ∈ Ar C. w,A<a ⊂ C. XJC r A<a��, �c ∈ C r A<a, Ka ∈ A<c = B<c, A

O/, a ∈ A ∩ B¿�A<a = B<a, l
a ∈ C, gñ. ùÒy²
C = A<a. aq/, �oC = B,

�o�3b ∈ B¦C = B<b. XJC 6= A¿�C 6= B, K�3a ∈ AÚb ∈ B¦�C = A<a = B<b,

ùíÑa = g(A<a) = g(B<b) = b,l
a = b ∈ C,gñ. Ïd�UkC = A½C = B. XJC = A,

KC 6= B, l
�3b ∈ B¦A = C = B<b. aq/, XJC = B, K�3a ∈ A¦B = A<a.
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PE�X�¤k�NNf8�¿8. ·��yE�NN:

• E´�S�: �a, b ∈ E. ��NN8A,B©O�¹a, b. duA ⊂ B½B ⊂ A, ¤±a�b�¹

3Ó���NN8�¥, l
a ≤ b½b ≤ a.

• E´ûS�: �E′ ⊂ E��. ·�I�`²E′k���. ��NN8A÷vA ∩ E′ 6= ∅, ¿

�A ∩ E′����a ∈ A ∩ E′. ·��ya�´E′����. �x ∈ E′. XJx ∈ A, Kw

,a ≤ x. XJx /∈ A,��NN8B÷vx ∈ B,KB 6⊂ A,l
�3b ∈ B¦�A = B<b,ùí

Ña < b ≤ x. Ïda´E′����.

• é?¿a ∈ Ekg(E<a) = a: ��¹a��NN8A. Kg(A<a) = a. �Iy²E<a = A<a.

w,kA<a ⊂ E<a. �y²E<a ⊂ A<a, �IyE<a ⊂ A. �x ∈ E<a, ¿��¹x��NN

8B. XJB ⊂ A, Kw,x ∈ A. XJB 6⊂ A, K�3b ∈ B¦�A = B<b, dx < a < b=

�x ∈ B<b = A. ùÒy²
E<a ⊂ A.

ù`²E��¹¤k�NN8��NN8. �E ∪ {g(E)}�NN, ¿�Ø�¹3E¥, gñ. 2

�±y², ÀJún�duZornÚn, ��du½n12. �kéõ�ÀJún�d�·K,

Ù¥���:

ûS½n. ?¿8Üþ�3ûS.
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