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§5.1 XJFREF

E£E{1L, ... n} BB S AU PR AnR B #E(permutation of degree n). FrfAniX E#HAE
Wi 2 A S AR — N, FROnR I FREE (symmetric group of degree n), 1L ANS,. & ZFE i,
S| = nl. WEREHo € S, BH{L, ..., n} PSR DECT, TR HABECTAZh, WK Ayt
# (transposition). X T Ei#ko € S, AL

W o T s A X, WHide = (s, t).
5] 5.1. S; = {id}, S» = {id, (1,2)},

S3 = {id,(172)a(2’3)7(3a1)’ (; § ?) ’ (; i 3) }7

X Hlids A N AR b 1R ) B 4.

FATIRS, HH HIn — 10

{({,i+1)|1<i<n-—1}

ARSI F BRI TR (transposition of adjacent digits).
Rl 5.1. BHBEES, P E T B A LS, R B, TR € S, fFEAARE R
Heoy, ..., o0 =010y
WERR. AN, drdifen = IR EFRUEM. Bikn > 2, I H@ 8 — 1%L, Wo € S,. BTl
I PG TEAIE W o AT LASR 7S A AH &1 B 0 45 ) e A

WA 1. %o(n) =n. WeRHITE{L,...,n — 1} &S, FHICER, MIMIBERLRIE T on]
AR A AT B x4 ) e AR

HH 2. Wo(n) <n. iir = (i,i+1). Wr,_1 - 7,m)0(n) = n. BIETEL, FAERH SBECT X
Tﬁ%al, . ,akff?%ﬂl,l 1 Te(n)0 = 01 Ok, Eﬂa =To(n) " Tn—101"""0Ok. O

X To € S,, TATFR

(o) = #4(5) |1 € {1, .., n}i < jool) > o (i)}

o HIE B (number of inversions), FHFksgn(o) = (=1)4?) NofIFFS (sign). Wiksgn(o) =1, N

1



2 FLE THK

o NIBE R (even permutation); Wksgn(o) = —1, MFRo AFTFE# (odd permutation).

5 5.2. %n > 2, &{L,....,n}THE 1 < |I| <n BATEXEHor € S, WTF: idk = |1],

Sr=Yer i I°={1,...,n} N I. IR

I:{ila"'7ik}7 Zl<<’“€7
I°={d),. .., i}, 8 < <l _ps
e
(1 ok k41 - n )
gry = .
iy e g it el
Biko M FEHA
k
Uor) = #{(rs) [ir > i} = S #{s | i > i}
r=1
- i k(k + 1
=> #({L....i}nI)=> (i, —r) =% - (k+1)
r=1 r=1
(Al 1
sgn(oy) = (—1)21_%.
BEFS A DL R R IE AR R R,
il 5.2. M{TEoe S, A ' '
sgn(o) = H 70(1), — (,T(Z).
1<icj<n  J T

B, W (dy, ..., dn)ZBUF{L, . n Y HIHES, )
H o(d;) — U(di).

sen(o) = o

1<i<j<n

(5.1)

(5.2)

(5.3)

(5.4)

IERR. BHEW, (5.3) AU A L(o) TS . KILiZRMR Ssgn(o) 5. MiZAeH
ML XHESE 11, BI(.3) AL, J1—J5i, EATHRFRIE ST, (5.4)3 5 (5.3) A 143 MA

fg ) S . BRI (5.4) 42T
A2 U 2R T .
ER 5.3. (1) Wfibsgn: S, — {1, —1} R BEFAD, MIAHMEEo, r e S, 6
sgn(or) = sgn(o)sgn(7).
(2) o € S, REANKHRMTA, Wsgn(o) = (—1)F. FFiHL, X o 75 B .

WERR. (1) BT (7 (1),...,7(n)2EF{1, ..., n}HIHES, 5.2,
11 a(7(4)) — o(7(9))

r<idjen T = 7T(@)

sgn(o) =
s (1(5)) —o(r(3)) () —7(@)
B o(1(5)) —o(r(i 7(5) — 7(i
wen= 1l —g—=e 1l 7=
(2) BAIEMWRe € S, X, Misgn(o) = —1. W&o = (s,t), s < t. N
{(,5) 14,5 €{L,....,n},i<j,o(i) > a(j)}
={(s,1),(s,8+1),...,(s,t = 1), (s+1,8),...,(t—1,t)}.

= sgn(o)sgn(7).

O



§5.2 ZELAMEEHK 3

MIfi(o) = 2(t — s — 1) + LA, Biisgn(o) = —1. WEW e = 01 -+ o, HH o @XTHe. H(1),
fisgn(o) = sgn(o1) - - -sgn(ox) = (—1)*.
HEIR 5.4, FrAn KRB ML S A, 2, FTRE, I H2n > 204, = nl.
MERR. A TAEMH A, S, WFRE, FRATTE E U (1), HF FI1E [ B Hid 2 18 B 3 (2) tnHisgn(o) =
sgn(7) = 1, Wsgn(or) = 1; (3) Wiksgn(o) = 1, Msgn(c™1) = 1. (1)ZEAN, (2)F1(3)2
A5.3(1) I EL R R,

Biin > 2. BT 5.3(2), Ay # S, BUET € S, ~ A, H#85.3(1), 7] LiE S

P1 :An _>Sn\Ana PI(U) =0T,

O

p2 Sy NA, — A, pao)= or L.

TERE R py o pallpy o pr R H AR, litbp Hpo FIE. TS A, 5S, \ A, Z [EAFAE T IE BRI

FITBA|Ap| = |Sn N An| = 1[8,] = 3nl. -
B A, PR NnIR 32§68 (alternating group of degree n).

5l 5.3. A} = {id}, Ay = {id},

1 2
4 = Lia, 37123'
2 3 1)°\3 1 2

S5 5.1.
1. S AT A TR,
2. RPTAT IFHESn, W%E%ﬁ%(l Z‘) A,
I
3. Wer, ..., en EFVINNMER. Xfo € S, ILR(0) € F"X"?ﬂ%jﬂ%?eg@) A (AT 380 ) R
EBABUR R : S, — GL,(F)2# AR, X{EEe, 7 € S, A R(or) = R(o)R(7).

4. W01, ..., 0 R HINESE. Xfo € S, ILR (o) € F”X"%%iﬁf%$5g(i) PHRE. FR (o7) =
R ()R (1)7& B HAL?

§5.2 ZEZMEH

WV RS F B2 A, R IR
EM 5.1 WL . VT — FRRAV ERrEZ M R (r-linear function)5ir B M3 (r-linear
form), WIRIMEREIBIRL < < rFUERS EM R Eay, ..., 01, Qg1 ..., 0 €V, B

V—oF o Log,... o)

LR AL

BAHEY T r B R B SICAM (V), I R e SOk fai &Rk R

(L1 4+ Lo)(a1,...,ap) = Li(a1, ... ap) + La(aa, ..., ), VLi,La € M"(V),
(cL)(a1,...,ap) =cL(ay,...,ap), Yee F,LeM'(V).

BHEH, M7 (V)R JFEEMY (V) = V.
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Bl 5.4, Wfr,... . freV, HFEXA@ @V = FAN
@@ frlar,...,an) = fi(a1) - fr(ar).
WhHe--- fr e M"(V).
5 5.5. Lt 8] bR 2 5 2 R O T 2 M BR # (bilinear function) BN &k /Z 3 (bilinear for-
m). WA e Frr, T
L:(F™Y 5 F, L(X,Y)=Y'AX

FE F U IR 2 1 pR

WY AW AT 512X, FATT TR 2R AR
EX 5.2. ZHEEMREL ¢ M™ (V)RS (alternating) 1, 40 55 B AN & A7 [F] I LEUE 20,
IR s, € (1,7}, 47

as=a; — L(ag,...,a,)=0.

BAHEY LR B AR BTIESICNA (V). BHES, BaM (V)20 814
SEAN(V) =V
5l 5.6. ¥ f1,fo e V. EX

hNfa=[®f—f2® fi,
Hl
JiA falon, az) = fi(on) fa(a2) = fi(az) f2(en).
MW f1 A fo e A2(V). HERE
fiNfa=—f2Afr,
FHfAf=0.
5 5.7, B{f1,. .., fon PR P2 IIBRAEEE AR AL, P20 B SS R U 1 R 2R
wo = fi N fori

i=1

ONFREZFERZ I (standard symplectic form). WMo = (21,...,29,), B = (y1,...,y2n), N

wo(av, B) = Z(%ynﬂ = Tntili).
i=1
Rl 5.5. Wr > 2.

(1) WL e M (V). BEEPA LB AN LEUE R0, BIAHEREL <i<r -1
a; =aip1 =  L(ag,...,qp)=0.
ML e A" (V).
(2) WL e A (V). WXHEEo € S, A
L(agy, .-+ Qo)) =sgn(o)Laz,...,ap), Yai,...,a, €V. (5.5)
MERR.  FATHEIER 7 A LU R L.

F—F. L € M" (V)i 2 (1) 54, B3PI AH AR AR SoAH A LU 20, FRATIE
H(5.5) Mo R AHAR B 7 ORI L. Wo = (i,i+1). X THUE M r — 2 Aoy, j € {1,..., 7}
{i,i+1},

L', a501) = L(ag, ..., ap).
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JUJ (1) FR) 25 A 3
0

L' + g1, i + aig1)
= L'(ai, ;) + L'(aig1, air) + L'(ag, cin) + L(@ig, i)
= L'(qi, i1) + L' (i1, i),
BIL (i1, i) = —L' (g, aiiy1). HIAE5.3(2), sgn(o) = —1. F(5.5) %0 = (4,7 + 1) B
$=%. BIRL € M7 (V)2 ()51t ﬁﬂ‘]iﬁ@%(amﬁ?#ﬂﬁﬁ% € S, . Hdy
5.1, o 7] AR IR NARAT B T I 3R o = oy - - - oy XHIX ST 4N FH 2B — 2D &5 5L, 7931
L(agys s Qo(r)) = L(Qyeiop(1)s -+ 5 Qory ey (r))
= —L(agzu,ak(l), ce, agz,..gk(r))
= (-D*L(ay,..., o).
H i di5.3(2), sgn(o) = (—1)k. FIL(5.5)% — ko € S, AL, FERERIWMEL € A™(V), (1)K
AR, RIIRATE A 5E R T (2) IE . O
F =8, BORIEATEY(1). BEL € MT (V)2 L), ar,... ar € V. AT EUER:
IEEAFRMs, t € {1,....r}, WHRas = ap, WL(ay,...,a.) = 0. APiks <t. WRs+1=t,
MOMFMFCERIUEL(aq, ..., ) = 0. Biss +1 < t. MFX o = (s + 1,¢) S 2P 145
R AFBIL(oa, . 00) = —L(0o(1ys -5 Qo). BT, FEHES(0(1),. .., 0(n)H, BFs 540
6. AL FAHEE L(ap(1), - s Qo)) = 0. BIEL(0n, ..., a) = 0. XHETERL T UEH]. )
DAERVRARER, dmV = n > 1. RATHELEV L0 i A8 420 ok 2000 7] A% =X
Wlay,...,an VI {f1,. .., LR EIEV R, WXHTERERIL € MM (V)RIB, ..., B, €
V, HTB = Z;—;l fi(Bi)ey;, FITEA

L(ﬁlv e 7671) =L (Z fj1 (ﬁl)ah?' R Z fjn(ﬁn)ajn)
Ji=1

Jn=1

Z fjl(ﬁl)..-fjn(Bn)L(ajl7'"7a.jn)

1<j1,-dn<n

- Z L(ajm"'aajn)fﬁ®"'®fjn(ﬂla~-~aﬂn)7

1<j1s00dn <0

L= > L, ..0,)f @& f.

1<j1,-dn<n

IR LRSS, W g1, g B, Loy, ... a;,) A WTREAETR.  SLI, f24EME—
Mo € S #1535, = o(i). Kk, Har@5.5(2),

L= Z L(ag(1) -+ Qo)) fo1) @ @ fom)
gES,

= L(ala e '7an) Z Sgn(g)fa(l) - ® fo’(n)-

oESy
W RIRATE n 2R R AR
JiN-ANfn= Z sgn(0) fo1) @+ @ fo(n), (5.6)

ceS,



6 FLE THK

il
FEN N fa(Brsee Ba) = Y sgn(0) foy(B1) -+ fotm) (Bn), (5.7)

oES,
T A
513 5.6. WL c A™(V), {a1,...,a, JRVIUEE, {fi,..., fu REEHISHEZE. 1
L=L(ay,...,an)fi Ao+ A fn.
Bz N oREATUERA:
SI38 5.7. W{ay,...,an}RVIIEE, {f1,..., fo 0L N
(1) fi A A lRATHER.
(2) fr Ao A fulon, .o an) =1 FERIML, fr A~ A fo #0.
WERR. (1) ZHn = INEREY]. Rikn > 2. 8p1,..., 00 €V, Bs = i, KHI < s <t <n. A
FEUEH fL A A fa(Br, .., Br) = 0. BHEXHr = (s,t). HHEWRS.AMUE B AT A1
SpNA, ={oT|0oc€A,}.

NI}
fl /\"'/\f’n(ﬁlr--yﬂn)
= Z fcr(l) K- fa(n)(ﬁla cee 7571) - Z faT(l) K- fa"r(n)(ﬂlv cee 7ﬁn)
ocEA, ocEA,
= Z (fa(l) (61) to fo’(n) (ﬁn) - fo"r(l)(ﬁl) o fa‘r(n) (Bn))
oEA,
= > ( 11 f(,m(ﬂi)) (fo(s)(B) oty (Be) = Foity(Bs) fo(s) (Br)) = 0.
o€An \i€{l,...n}~{s,t}
BRI f1 A oo A S RS

B BT A5, RAVRZE 5155
EIE 5.8, WVEAEF LA RYGELMEZE, dimV =n > 1. Wdim A»(V) = 1.
WERA.  BUEVH)—4IERAEAEV BRI fr, o fa) HSIEEST, f A A f A (V)
EZIE. FHSIES.6, TR f1 A A fubREA(V) L. Fikdim A™(V) = 1. O

— AL At A (VA Fon B AR EE 2R M R T DL SRV A A ) B S A R — 4
3.
iR 5.9. WdimV =n>1, L A"(V)~ {0}, a1,...,a, € V. W ay,...,a, VIR 50
B L (o, ... ) # 0.
WERR.  Bt{ou,...,cn e sk, {fi,..., fo e HOXREE. HEIBE5.7(2), fi A A faloa, ... ap) = 1.
B EHS 8 H, ffce F~{OMEBL =cfi A A fo. Bl

L(ay,...,an)=cfi A+ A fulag,...;an) =c #0.

Sk, B {ar, ..., an VR Blspan{ag, ..., a, By, ..., 8.}, r <n, HH FTNVE

BB, Bute BE{g1, s gn 3B, - B HEV A IXHEZE. T g,(81) = -+ = ga(6,) = 0,
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Fbhgn(on) = - = gn(ay) = 0. H5IH5.7(2)AIE 5.8, fFEC € FIEHEL =gi A Agn. FItk
L(ah s an) = clgl ARERIA gn<a17 cee an) = Z Sgn(a>ga(1)(al) * Yo (n) (an) =0.
oeSy,
O

JE 5.1, HV eSS R, V R HE R AL M R AT LIALA T SCPAT 2 AR A 1R
KL X T Eay, ..., a, € V, BEVHRT XFEITZE M (parallelotope)

P:P(Oﬂ,...,an):{Zciai|0<ci<1},

i=1
HEL € AM(V) {0}, FAHE|L(an, . . ., o) [N PEIERL IEE B LA E WA, IR PH)
AT R o Mo A, T PRARFRZ0. X RAHRFAN 2 LGB EOR. T — i, #E185.9%
B, PRMABUZOEMN T{a,. .., an )AL, BIPEEVFIEAN B2 E . AR FE 52
B, HPARRAES, 8 BTAAE F. E WG LR B e O7 . RATRA T &
X PHTR Ron, . .., o I HES (0 -y o, )R (0, - ooy g )RRORSZEEHT R, WR o (in) =
B e € SR MBEH. T, XM A IR 5 PSS, RN IR
NP [F)—AFE B (orientation), HEANHEFIFTLE B S PR 9 X AN HES TR (1 5E 7). 3X i, kAT
L(a1, ..., ) WATEP EIRELHHES (1, . . ., o) HRE I 5E W) BIA TAARAR. A AR AT BA
HUE, OB PIGE - R BUE A AR 5. R Z 8 IR, A FARBKI T LIk, g
FEV _E A B n Ay 28544 (51t N ARRI Y 1 B (1) 58 1) %), U LA R R A7 (1) e BT 2. T g
5. 8ULHH, A AR IR T 07 A Z — AN ER R = SN 2 ME—.

SR 5.2.
L EE{A QS| fifo € VIRTAMEWVKI A7 WXV = FP2ZIEXANES.
2. WdimV = n. IEBHdim M?(V) = n?
3. AEMF™ B A B U R 15 511 T2 3K
4. ARV B oK B LR YR IR LAY (nondegenerate), TIRIEREa € V {0}, #

TEB € VAEAFL(a, B) # 0. UEWII5.5 00 B XU A B HCAR IR AL 1 78 70 0 B2 S A1 A R P AT 1

LS Y N o R Wk | SR Ao

6. WVRAMRLER, L2V EMIERAEMER B X T2 RwW c Vv, EX

Wt ={acV|L(a,B) =0,V3 c W}
ERWL R VTR, I Hdim W + dim W+ = dim V.

7. ZELMREL € M7 (V)FRN 2 R ITFR (anti-symmetric) 8L F 3T FR (skew-symmetric) 1, 405
AN BALTLIIUA RS, B1(5.5) AHE S, TR o Oz, UEW]: WikcharF # 2,
YU L SRR FR) 78 0 S S5 AT S AT ).

8. WcharF = 2. YLWIFEF™ FAFAE ROMFRAE AN AT O XL R AL

9. WdimV = n.

(1) IEMdim A%(V) = Ln(n —1).
(2) #r > n. IEHIAT(V) = {0}.

ot
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VAW R EF ERZMERR, T e L(V,W), r& IEBE. SHEEMHET . W - Ve, &
158 XWHHTE - A™(W) — A™(V)A
TO(L)(ay,...,0p) = L(Tay, ..., Tey), YL e A (W), ay,... 0 € V.
BOEH, TOL)HEETAN(V), AT RGN, FEET® =1
R 5.10. WT e L(V,W), U e L(W, Z). NI
T 0 UM = (UT)(T).
MERR. SHMEREL e A"(2)Alay,..., 0, €V,
TOW (L) (v, ... ) = UD(L)(Tay, ..., Tay)
= L(UTa,...,UTa,) = (UT)(L)(v,. . ., o),
iy
TOWT(L)) = (UT)"(L), VLe A (Z).
R st iy R O
NV EA RN, dmV = n > 1. MFT e L(V), HEHs.8, 702 ikt
[AJA™ (V) 3 B RSP SR, AT A2 1 ] B S 1) 8 505 (O B 1) <3 250 4R I b 1 o 22, 1A 140
XA HUE CNTIAT
EX 5.3. Wn LB, VAEEF ERndE LR IEZS 0], T e L(V). W2
7™ = det(T) idan(v) (5.8)
I F K TG R det (T)FRONTHI4T5I3K (determinant).
4751 E R (5.8) B 15 Bk —uk |
TM(L) = det(T)L, YL e A™(V),
B
L(Toq,...,Tay) =det(T)L(ay,...,an), YLe A" (V),ai,...,a, € V. (5.9)
AL AT 51 20 2 T T A
Rl 5.11. WV E b ngE L2 [a).
(1) det(idy) = 1.
(2) FHMERT, U € L(V), Adet(TU) = det(T) det(U).
(3) T e L(V) R 78 70 s LA R det(T)) # 0. HEHT, det(T—1) = det(T) L.
(4) WW R — M0, @ 0 V — WHRREMRM. WRT ¢ L(V)FU € L(W)i# L 0T =
Uo®, Ndet(T) = det(U).
(5) Bt{a,...,a FEVHIEE, {f1,..., faRELAEV FESHESR, T c L(V). N
det(T) = fi A A fu(Tan, ..., Tay).
IERR. (1) BSE H(idy)™ = idan . Fliltdet(idy) = 1.
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(2) Hifiwi5.10,
det(TU)idpn(vy = (TU)™ = U™ o T
= (det(U)idpn(vy) o (det(T)idpn(vy) = det(T) det(U)idpn(v).
Kl Htdet(TU) = det(T) det(U).
(3) RBCTAIE. H(1)H(2),
det(T) det(T~1) = det(idy) = 1.
Kl thdet(T) # 0, H Hdet(T=1) = det(T) 1. [k, ikdet(T) # 0. L € A(V) ~ {0} FIVH
Hlay,...,an). HIEWRS.9, Liay, ..., «,) # 0. BII(5.9)3EH
L(Tay,...,Tay) =det(T)L(o,...,a,) # 0.
XM RS9, BIAI{Tay,. .., Ta, } R VIR, XU HTIEV BN, FITR 8.
(4) HIfimRE5.10,
(@T)™ =T o &) = det(T)d™,
(U)W =& o UM = det(U)d™,
T AN R R A A R IE AR S, BT R
det(T)®™ = det(U)d™.
35—y,
™ o (@71 = (271 0 )™ = (idy) ™) = idpn(y.
R, @) £ 0. Kiltdet(T) = det(U).

(5) H(5.9), H
fin-Afu(Tar,...,Tay) =det(T)fr A+ A fulag, ... ap).
3 J5T, HEIEEE.7(2), fi A A fulan, .. o) = 10 FTRASS R AKGL. o

S 5.2, MV RagESZEME A A, ZMEMUET e L(V)RI4T P AT RN TR SCPAT ZTHAR 4
AR KSR &P = Plaa, ..., an) ZRVHIERICI T SCPAT 2 AR (W), B2 F H,
PIEWSRT R HMET (P)RAT SCPATZ AR P(Tay, . . ., Tay,), AT (P)AFHBUERE T, 7
— 7T, EEIERL € A™(V) ~ {0}FERH (5.9), FTELE T (P)FERILEEM T-det(T) # 0. BEET,
TEPAIT(P) L /3 i B T0 A I HER (o, .o o) RN (Taun, . .., Ton, ) B&TE BIE 1A, B A TIA 1
R AL (ay, . .., an)FIL(Tay, ..., Toy). R, det(T)BUAT(P) 5 PHIA AR ELE. &
FFERE IR, X—HEAMUS PIE IR T, W5 PR GTER, RITHATA ) AT 2 ik
A ARRY R TR, 4, BN AR R R B LA e — (B0 AR AR R ) A 4k
AT LR HL.
175 AR L B A I 22 0 RE R B L B XA BR4EZRME AV, FRATE
SL(V) ={T € L(V) | det(T) = 1}.

H AT E5.11(1)—(3) A S & i, SL(V) 2 — MR GL(V) T8, AV BOFPRZ 14 B (special lin-
ear group of V).

3@ 5.3.
1. WB e Fn. ZEEMWMY Ty : Frx® — Fn*" Tp(A) = AB — BA. iE#det(Tg) = 0.
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2. WVRnAESEEANETA], n > 1. REAY(V) ~ {0HAET THROFA — M EIR S X (connected
component), WX EREL € OF0O = {cL | ¢ > 0}.
(1) IEBHA™ (V) < {OMEUF A IANER 7332, B/NEIE 5 XNV I — AN ZE 8] (orientation).
(2) REHGE TVII—NEROT, HEVI R —E RO~ ®T € L(V) .
TM(OF) = 0F, MFRTZ R E BB (orientation-preserving); WHEHRT™ (O) = 09—, N
%J\Tﬂz}in:_["JE’](orlentatlon—reversmg) UE AT LR E ) (1) 78 53 Wb B 56 A e det (T)) > 0,
T 5E M 78 50 i BE 26 A e det(T) <

§5.4 AMERITHIIR

UAEFATA F A i s (AT 31 Aok g SOTRERIAT A WA € Frxn. BT 7 AN Zeikmr
i)
Ly:F™ 5 Pl La(X) = AX,
R4 : Fn—>Fn RA(a):aA.
S|IE 5.12. det(LA) = det(RA).

WERR.  W{er, ..., e JRFYUARESE, {f1, ..., fu R ETEE™N) B IE, ARIZE A
HNA;. HATE5.11(5),
det(La) = fi N+ A fn(Aeq, ..., Aep)
=fin- A fa(Ar,. LA
= Z sgn(0) fo(1) (A1) - fo(n)(An)

ocES,

= Z sgn(o)Agy1 Ag(nyn-
o€eSy

ST, {8y, ., O R FTHINRIERE, {g1, ..., gn PRI EREE, ARIES T R N0, R
&l
det(Ra) =g1 A Agn(014,...,0,A)

=g A Agnlar,...,an)

= Z 5gn ga(l ) "ga(n)(an)

ocES,

- Z Sgn Ala(l) Ana(n) .
ocESy

X TFo e Sy, BES{(0(1),1),...,(cn),n)}5{1,071(1)),...,(n,c " (n) %%, FrlL
Asyr  Agnyn = Ato-1(1) * Ano—1(n)-
F4b, sgn(o) = sgn(o~t). FEL

D sgn(0)Agyr - Asimyn = Y sen(0” ) A-11) Apg-1(n)
oeSy oceSy

= Z Sgn Ala(l Ana(n)-
0ES

IXHUER T det(La) = det(Ra4). O
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EX 5.4. WA e Fr>n, BATE LARITHIR N
det(A) = det(L4) = det(Ra4).
FESIFE5 120E B R, BATE L83 T 178N RIER.
#it 5.13. WA e . |

det(A) = Z sgn(o)Ala(l) ce Ano(n) = Z sgn(J)Ag(l)l e Aa(n)n' (510)
€S, €Sy
aiyr - Gin aiy - Qip
WwRA=| |, FAHiddet(A) =
Gn1  ***  Gnp, Gni - Gnp

5 5.8. H1(5.10), FA 1A

a1 a2 a3
G21 Q22 G23| = @11022033 + 411023031 + G13021032 — 111023032 — A13G22031 — A12021033.
azi1 azz2 ass
N T REAT A A LA AR 5T
Rl 5.14. (1) det(l,) = 1.
(2) WA, B € F™". Jlldet(AB) = det(A) det(B).
(3) J7FEATT I FIFE 0 B4 A S det(A) # 0. BRI, det(A™1) = det(A) 1.
(4) AL T REAT 51 AR AE.
(5) det(A?) = det(A).
(6) MRS (Fr>)n — F. (A, ..., An) — det[Aq, ..., Ay]FEn BEATHRME: R 5L
aq
(7) WHHEM) = F, (0n,...,0) = det | | FEnBATEELR 1 R 5L

On

det(I,) = det(Ly,) = det(idpnx1) = 1.

AR = L, < det(A) =det(La) #0.

det(A™') =det(L 1) =det(L,") = det(L4) "' = det(A)~".
(4) &A, B € Fnfif, RIFFERT I REREP € Fr i3 A = PBP~L. IH1(3)H1(4),
det(A) = det(PBP~') = det(P) det(B) det(P)~" = det(B).
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(5) BRELMEFMO : <t - Fr d(X) = Xt XX € Fr<fg
(La(X)) = ©(AX) = (AX)" = X'A" = Ry+(X") = Rae (2(X)).
Bl® oLy = Raco®. HATE5.11(4), det(La) = det(Ra:). Klibdet(A) = det(A?).
(6)+(7) E51 #5120 UE B, FATE A5 3
det[A1,..., A = fi Ao A fulAr, ..., AY),

aq
det | | =g A Agnlar,...,an).
(079}
DRI (6) 01 (7) Hh (R e 5 B 58 S 2 R 5 o

AR 5 SR, AT 5 A2 1 7 B2 AR ). ar 5. 14(1)-(3) KM, &£ &
SLa(F) = {A € F™™ | det(A) = 1}

FCL, (F)WTEE, FRONF EBIn R 55k 2 14 8 (special linear group of degree n over F).

iR 141 (6) A1 (7) $2 4t 1+ 54T 51 A 2T A
HEIL 5.15. (1) A7 MEAFATEES, MAT5]2080.
(2) A 77 FEA WAT (BP9 51) AR R B b 8], AT 51 0.
(3) EHMATEMF, JTREAT IR S
(4) JEIEAT (B BRI E) 55 —47 (881 L, 7 BT 51 AL,
(5) FAT (5 3fe LAFEAN W K, 3307 BE AT 51 2t 37 LUAH [H] 17 2
MERR. X HLER Ry 5. 14(6) F(7) FIBHBAHEW. a0, XFT(4) A RS, BT LABSUE W R

et[Ar, .., Ay, .oy cAy + Ay A
=cdet[A1,..., As,. .., Ag, ... A Hdet[Ay, .. Agy o L Ay Ay
= det[A1,..., A4,].
O

HEIR5.15(3)—~(5) % i 1 7 BEAEAI 54T (F) A e T, A7 A Az 77 a0 M WIAEAT (91) 2%
e, TAVERTTUHETT FEAN E =M =MrgiEal. XEAERA ¢ P iiy E= /8 (upper
triangular), W3R % > jEHA; = 0; HFEAKRN T =M (lower triangular), 15 % < ji}
A =0. W TIXPFITRE, FATA:
Al 5.16. b =M ET = AR AT 5 205 T B0 A e R AR, R, Sk f R R AT 81 2
ST BT X H TC I AR,
MWERR.  WAR E=A, B4 > jBPA A = 0. IR, FERE S

det(A) = Z sgn(0)Aiy(1)  * Ano(n)

gES,
H, WMRA L) Aney # 0, WXL < i < nffi < o(i). XHEHo = id, Mlo(i) =i BT

5 5.9. I FM32551; k158 T 4516.
VE s 16 4, FRATTIIE B R T A 45
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L 5.17. WM AR B =R, B

(A1 A - Ay Ay, ]
0 A -+ Ay Ao
A= : : : : : )
0 0 - Ap_ip-1 Ar—ig
0 0 - 0 Agr

b A TV, A (6 < )FI0A 28 R HSERE. T
det(A) = det(An) s det(Akk).
e, B e Frxr. C e Frxs, D e Fs<s |

det

B ﬂdﬁ@ﬂﬂ@) (5.11)

XF T B = AR AT > BT A R, SRABLA 4518 th BT

B C

Eﬁ.ﬁm%ﬁﬁwnﬁb&ﬁ%()I)%@ﬁﬁ%%mqeﬂwwr+$mu

B C
det = > sgn(0)a1e1)  Grpso(rrs):

D
UEST+S
/_{%’L@J%Z >r—+ 1#HO’(Z) < TEH‘, ;ﬁaig(i) =0. ﬁﬁU\, ﬁD%U S Sr.t,_s'fﬁ*i?%alg(l) © Qs o(r+s) 75 O,
M2i>r+ 1 Ho() > r+ 1. XHEH Y < rilGo() < r. Bk, FEo, € S, Mo, € S fiif5
. O'l(i), 1 S 1 S T,
o(i) =
r+o9(i—r), r+1<i<r+s.

B fsgn(o) = sgn(oy)sgn(aa). MIM

B C
det = Z Sgn(al)sgn<02)alal(1) C Qo (r)Ar41,rd02(1) T Ordsrdoa(s)
0
01€S,,02€S
= ( Z sgn(al)alol(l) T arol(r)> < Z sgn(UZ)ar+17r+ag(1) t ar—i—s,r-{-ag(s))
g1ES, 02€Ss
= det(B) det(D).
KAIER] T (5.11).

TR RHAGNEIE R 70 B E = MRS58, 2k = 20 850 CAUEW]. Rk > 3, JFHAS
WXk — 185z,

A11 A12 e Al,kfl
0 Ay -+ Asp
det(A) =det | | ) ) ) det(Agx) = det(Aq1) - - - det(Agk)-
0 0 - Ap_1k-1
TR TE R T UER. 3BT = AR R D0 R IE B AL |

P T LA AE R AT 2120 PR B 5 AT 215 R T8 PR R M AT
A ARAR? T a0 AT — 73 B2 7 X — L e W] URBRICAAE MU AT 51 50 i
AL T5 FEAT 5 A
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Rk 5.18. WV iEn > 14ELkME251A], T e L(V).
(1) WBRVIIAFEE, [T)s £THRTZAFHEMALE. Mdet([T)5) = det(T).
(2) WT" € L(V*)RTHFE BN, Ndet(T?) = det(T).
JERR. (1) EMZABARBRINT - V - FY o e (o] REMERM, JFHD o T = Ligy, ol Hidy
i5.11(4), BI75
det(T) = det(Lzy, ) = det([T]5).

(2) WBRVIIHFEE, B 2BV HHIXEEE, [T]s [T 5 70 B RTHT KT A NA Fr

WIS RE. RATENE, [T s = [T)%. Q)M is.14(5), B3
det(T") = det([T"]p-) = det([T]5) = det(T).

X Te R R, O

S 5.4.

16216371 2] 83 4,5.

Fe 245 26 711(2); 35T11(3), 2(1), 3(1), 4(2).

R 7 AT 5300 208 20 (5.10) B8 E 6 5. 1470 111 (1), (5),(6) (7).

EMsgn(o) = det R(0), iIXH R(o) A& > #l5.1.35 & SIPHIFE.

I i LS. 11 (5) I BH A 15,18 (2).

W KRIEF T, W2 FIEAK B iR BRYEN. T € F, K-22 Mt

T,:F=F, y—uxy

AT B AR A (N F R K H)SES (norm), 1L N gk (z) = det(T,). AT NHHIENR, 4 H

(1) K=R, F=C.

(2) K=Q, F=Q(V2) :={a+bV2|a,beQ}.

(3) K=Q, F =Q(/2) := {a+b/2+cV4]|a,b,ceQ}.

7. WVRARYERELIERN, T e L(V). BAHEXS VAT b 45897 1IHA0E 5 15 3 1) se 2 i
2 HAE A VR, TR DAA SZ L U TR € L(Vi, Vi), EBdet(TR) = | det(T)|?. (3E7s:

S ot W=

BT TV A SRR N A, WITe % T Va A s aipe gy | R0~
Im(A) Re(4)

lz | pyp [Re) —m@)] 4 )

o T Im(A) Re(A) A

8. WKAHMFUWI] 6, Vier EIARAELIETSE, T € L(V). EVHAK ERZEZ 0, id
MV, WIITH DAL KRV T € L(Vie, Vie). UEMIdet(Tx) = N (det(T)). 75
H, R FRL T, WINy = Npjg o Npyp. (F: BERBUEN AITE S0 BT, DUSH#H
B EARETERUE. 3 — 145 5 WBourbaki, Algebra I, p. 546, Prop. 6.)

9. &m <n, Ae F"*™ B e F™*" ¥ det(AB) = 0.
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§5.5 1THIRNIRITHIIRI

X5 Z2 R AT DR SR B A Rt 547 41 5, O H A EENENSE X

WA = [ay] € F", n > 2. ST IEEEE < nf$8085EL T C {1,...,n}, |I| = |J| =k,
WALy € FRF AR G{ai; | i € 1,5 € J} MBREIFERE. AR HEHIEA. o, X
BrIe = {1,...,n} N 1. HFEMEARFEIAL AL s, AT MBIRIHESF AL, 23, an
Ror e S, R (5.1) & L EH, WA AL e FIFEFETT 778

(ALJ)rs = Goy(r),05(s)s r,s €{1,...,k},
(Are,g¢)rs = Qo (kr),o (kts)s r,s€{l,...,n—k}
KT AWATHIZ, FATA T [ ¥ Laplace /& & BE.
IR 5.19(Laplace). Wn, kaIERE, k< n, Ae F XTI cC{l,...,n}, itY = Y ier b
(1) (THIRILRATRIF) BUEL, € {1,...,n}, [Io] = k. W
det(A) = Y (=1)%0 det(Ay, ) det(Agg se).

(2) (ATHIRILRBIRTT) BUE T C {1,...,n}, |Jo| = k. U
det(A) = Z (—1)21+EJ0 det(A],JO) det(A[c,Jg).

1750 det (A7 5) TR AT HIZHF 3K (minor), 1751 det(Are e )BT det (A7 ) IR F
3\ (complementary minor), & H KT
(—1)* 157 det(Age ye)
BT det(Ar ) FIREFEBKEES FR (cofactor). TEIXFEMIRNC T, 5. 197] AFUAR v AR
A7 B AEE T [ AT (B FE AR AR I A 1 205 AH B ) 41 PRl 1 e A AL
FEAIE B 8 3R, FRAT ek 25 588 B R R A L.

, B C
5] 5.10. KB e Fkxk C e Fkx(n=k) D ¢ pl=kx(n=k) A —

ol TATHEARATHI
HRTESEIF, BISt T, = {1,... Kk} AEHE5.19(2). XFI c {1,...,n}, [I| = k, WHRT # Jo,
WFERE AL g, A FAT, AT HION0. 5—J51, WATG Ay .0 = B, Ajeye = D. B, &
H5.19(2)HE H

det(A) = (—1)* det(Ay, 5,) det(A e je) = det(B) det(D).
KRR EFAH] 7 (5.11) 2
BRI 1 — TR, BERT, XHF0, ) € {L,...,n}, —HHEREA L o) K047 FI58ED

Has. N T RHCDE, TMy = Agge.yye. ERAEAT S48 550 1715894 5 fin — 1HIEHE.
WAL, R E E

Ui:(l A L O | n) (512)

1 - i—1 i+1 -~ n i

(Mij)rs = Ao,(r),0,(s)s r,se€{l,...,n—1}

R B Ro LR B (5.1) T i opye. IXFE, EH5.197Ek = LN FRPRFER TS 0 AT ABUR 40 R .
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EI 5.20. WA= [a;;] € F, n > 2, FFIEH FHLS.
(1) (ATH 4% AT RIT) SAERBUEML <io <n,

det(A) = (—1)i°+jaioj det(Min).

NIE

1
jo<n, H

IN S

(2) (ATHI 3% —FUREIT) XHEEIUE 1
det(A) = Z(—l)i+j0aij0 det(MijO).
i=1
PATTHEXS B (4, 5)-TC IR R Fid N
Cij = (—1)i+j det(Mij).
#i 5.21. LR, je{1,...,n}, A
Zaikcjk = Z ariCl; = 0;; det(A).

k=1 k=1
UERA. M6 = g, SERIAEBES.20. Wi #£ 5. 1B AR ARI S AT & o2 AT BIMAERE. H
TBAMATHIE, Frlldet(B) = 0. 53—J71H, {EBRATHI XL 5 4T T, IR BB 471
FEAMERE TS AR RIS B AR FE T B A F B R R, RIAS
Z aiijk = det(B) =0.

k=1

Al

Z akiij = 0
k=1

O
LR FCi; (i, §)-To BB H BRI 2 B AR A AR #ERERERE (adjugate, adjunct Blclassical ad-
joint), 12 Aadj(4), B
adj(A)i; = Cj; = (=1)" det(M;).
i,

#E15.21 7] L HT AR -
HEL 5.22. WA e Fr on>2. N
Aadj(A) = adj(A)A = det(A)L,.
M, SR AR
A7 = det(A) tadj(A).
O
#iL 5.23(Crameri&N). #n > 2, A € FP"AIY Y € Pt il B NIEAR S i B HONY Ja
1SN FERE. WA TTRRHAX = YIME— N
T

X = ’ - det(BJ)

YT et (A)

Tn
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UERA. A4S SR
PE A —. JT R e — R
X = A7'Y = det(A) tadj(A)Y.
PRILELER 547, FEXT B; B € #E5.20(2), RITE
T; = det(A)_1 Z inij = det(A)_l det(Bj).
=1

JERA =, ICARIEETI N A T

X1 "
i=1
ZTn

(FERX U2 Y TEF A, Ay RRIER AN AR, R

det(Bj) = det[Al, N ,Aj,l, inAiy Aj+1, ey An]

i=1

= le det[Al, .. .,Ajfl,AZ',qu,l, .. ,An}
i=1

= z; det(A).
X 58 i 1 R, m
R a b| |z 1 a b N .
i 5.11. HpE R4 = V. = ad — be # 0, MHE—fE
c d| |x2 Y2 c d
y1 b a y
y2 d dy1 — bys Cc Y2 ays — cyp
T = = To = = .
! a b ad —be ’ 2 a b ad — be
c d c d
ai1 aiz2 a13 T Y1 a1l a2 a13
%%ﬁ%%éﬂ a1 Q23 a93 To| = |Y2 ﬁﬂ% a21 Q22 Q923 ?éo, m\ljﬂﬁgﬁﬁﬂ\j
a3y agz as3 Z2 Y3 asp Qs as3
Y1 aiz2 ai3 a1l Y1 ais ailz a2 Y1
Y2 Q22 G23 a21 Y2 a3 az1 a2 Y2
Y3 azz ass asz1 Y3 ass asr azz2 Y3
T = ) T2 = ) xr3 =
a1 aiz2 ai13 a11  aiz2 Ga13 a1l aiz2 @13
a21 Q22 a23 a21 a22 a23 a21 Aa22 a23
aszi asz ass a31 asz as3 a3y asz a3z

TR RN BB, Cramerid: U 3 2205 38 2 78 T H AR . 72 BRSO, W55 1742 #ie
I BAT T I RCR.
DUAEBAT] 0] 215 P AGE R . FAIT 56 UE W] € #E5.20.

EIE5.20H0EFR. (1) BHES, HIn T4
Pj={oceS,|o(ig) =3}, 1<j<n.
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XFreS,_1, EXFe S, N
5 1 n—1 n
T = .
(1) -+ t(n—=1) n
Pj :{O'jf'O'i_O1|T€Sn_1},

Ko, 0 W X WI(5.12). FEEFsgn(7) = sgn(7), sgn(o;) = (=1)"~7. FrlA
sgn(aj%oi_ol) = (=1)"%sgn(r).

woEH,

PRl
det(A) = Z sgn(o H Ui (1)

€Sy

= Zaigj Z sgn(o) H Ao (r),00:,(T)
j= oEP;

= Zaw Z sgn( 07O, H Uos (r),057(r)
j=1 TESH -1
n n—1

= Z( 1)10+Jaloj Z sgn(7) (Mloj)r 7(r)
j=1 TESn_1 r=1

= Z(—nioﬂ’a jdet(M;,;)
j=1

(2) AT CAZRALLUEBE, ] DL X AR A (1) SRAEFA.
T FRATIE R E #E5.19. 3 0T LS R B 20 9 IE BH i b .

EIE5.1900IERR.  5iE B 20/ B LR, FATH FXF (D& el X 14{1,...,
RS, I T4

Pr={0eS,|o(ly)=J}.
)

det(A) = Z sgn(o H Qi (i) = Z Z sgn(o) Haw(i).
i=1

o€S, Jc{1,...,n} cEP;

XFr e Spflv € Sy, X (r,v) € S, N

( 1k k41 n >
(r,v) = .
(1) - 7(k) k+v(d), -+ k+vin—k)
BHE,

P;= {UJ(T,U)Ufol | 7 € Sk,v € Sp_r},
KR oy, o, € XW(5.1). Z5EH, sen(r,v) = sgn(7)sgn(v). gt (5.2), R
(v).

=B
sgu(os (7, v)oy,") = (=1)%0 = sgn(r)sgn

(5.13)

n}ETC T4,

(5.14)
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EJia
k n—k

Z sgn(o Haw(z) = Z sgn(o) H Uop, (r),001, (7) H Qo1 (k+s),0071, (k+s)

oc€Py oc€EPy r=1 s=1
k n—k
-1
= Y sen(ou(ro)or) [T tonmeseom T aon trs).oroyms)
TESK,VESH Kk r=1 s=1
n—k
Qoo (r),05(7(r)) H Qoo (k+s),05 (k+v(s))
s=1
n—k
<A107J)T'r(r) H(AI§7JC)SU(S)

s=1

= (-1t 37 sgn(r)sgu(v)

TESK,VESn &

=

ﬂ
Il
-

=

= (-)¥etP 3" sgu(r)sgn(v)

TESK,VESH &k

k _
= (—1)EIO+2J (Z sgn (T H (Ar,.g M.(T> ( Z sgn(v H A] Je SU(S))

TESK VESH _k

ﬁ
Il
—

= (=1)"0"> det(Ag,,s) det(Agg, 5e).
B AN (5.14), B 5E & T IERH. O
FETF =i, JAT TR 45 g #5190 55— MIEHA.
5 5.12. Vandermonde T %1 x (& 15 _LAf41717).

SJ@ 5.5.
1. #F162-16370 ) 8i1,2,9,12.
2. FZIiH M43 -44711(2,4),2,4,6; 51714; 5671 3.

§5.6 SKEFIFIIMA

FEIXR—THp, AT E p B8R 2 S AT R A 1 bR B 1) — PR A TR AR, FROFAMIL X — &R o
JUfAT S S A2 R . MRS, A1 H i — 2 A R A Tk AR
EX 5.5, BVRIRF EIBIERN, r s E¥E L e M(V), M e M3 (V). RATE LS M
5K ZFH (tensor product)L ® M € M™5(V) N

L® M(ay,...,aqpps) = Lo, ..., 00)M(Qpg1y ooy Qrgs), Oy Qpys €V,
R 5.24. (1) MM (V) x M3(V) — M™t5(V), (L, M) — L @ MAEXELMER.
(2) WL e M"(V), M € M3(V), N € MY(V). 1
(LOM)®N=L®(M®®N).
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MERR. (1) SHEEce F, Ly, Lo e M"(V), M e M*(V), a1,...,pps € VEH
(cLy + Lo) @ M(aq,...,0p4s)
= (cLi1+ Lo)(aq,...,ar)M(Qpg1,- -y Qris)
=cLli(ay,...;ar)M(arg1, ..y Qras) + Lo(ag, .. .yan )M (g1, ooy Qrgs)
=cLi@M(ay,...,04s)+Lo®@M(ay,...,045)
= (L1 @M+ Ly @ M)(av1,. .., Qrys).

BRIk
(cLi+L)@M =cLi @ M + Lo @ M.

Ffltth, ST e e F, L e M"(V), My, My € M*(V)H
L®(cMy+ Ms)=cL® M, +L® M.
(2) SHER o, ..., s €V, BATH
(L@M)®@N(o1,...,0015+t)
=L@M(ar,...,04s)N(Qrgst1y -y Qristt)
= Lo, ..., ) M(rg1, -y Qrgs ) N(Qprastty -y Qrastt)
=L(ag,...,0.) M @ N(rj1y- -y Qrgstt)
=L®(MQN)(ar,...,Q1s+t)
F(Le M)®@ N=L® (M® N).
M i5.24(2), ¥ F Ly € M (V),...,L, € M™(V), A LLE LENTTKERL ®

O

P45 R S MERERIR P IER. B15. 4 M EANER BRI f, .., £ RIKER, BEIES A ©

@ IR E AR B TR E AN LA R

T FRAN A A () A PR AE R L8 M (V) B A Z4E 3.
EI 5.25. WVRARYELENE, dimV =n, {f1,..., fo RV
(1) &

{fo® @ fi, |1<i1,...,i <n}

M (V). R, dimM"(V) =n".

(2) W o, ...,y {f1, ., o HEVIRRSHEIE, MIXHEREL e M7(V), B
L= Z Loy ooy ) fi, ® @ fi .

1<iy,...,ir<n

WERR. EREBNB e VAR =1, filB)a;. T, SHMERL e M"(V)FIBy,...,B3. € VE
L(Br,....B) =1L <Z fi(B)aiy, -, > fir(ﬁr)air>
11=1

=1

= > (B i (B Ly, 0,)

1<i, . ir<n

= > L(ai,..00)fi, @ ® fi (B, B

1<iy,...,ip<n

(5.15)
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ZEOIER 1 (2), HHEEGAS)AERM (V). H—J7H, Wke;, .. € FifL
jz: Civ,eiyiy fn '®ﬁﬂ} =0
1<i1,.0ir<n
MSHER 1, .04 € {1, 0}, BRRILRALDTE (), ..., o5 ) EUE, BIfc;, 5. = 0. FTLA&E
Er(5.15) 2 TE R, R 2MT (V) 3. m

B oRBATHE 2 B R B IRE. ST L e AY(V), M e A5(V), SKERL @ M—¥%
ARATHEN. AT 8 R RE, TATTE Yo fe— PP — Mk 2 B 4 14 bR E Ak A A B ek B )
% FL e M7 (V), € LA(L) e M7 (V) A

AW(L) (o, ... o) = Y sgn(0)L(ao()s - - Ca(r)s  Q1y-ony0p € V. (5.16)
g€S,

551 35.7(1) BFIUEBH 2R, AXEIER] ALt (L) 2 A HE 1, FRON LI 3E $8 4K (alternation). F3E |, (5.6)7
EXHIfL A A FBINA @@ £ ETE. a2, FATEH
3138 5.26. ¥ f1,..., fn € V*. NI

Alb(fr @@ fu) = D 580(0) fo(1) @+ @ fo(n)

oeS,

SERR.  EHEIER
Alt(fr®@--- @ fu)lat,...,an) = Z sgn(o)fi ® -+ ® fﬂ(ao(l), B "ag(n))

oceS,

= Z Sgn 0(1)) “fn (ao(n))

oceS,

= Z Sgn fU(l) 0[1) fa(n)(an)

cES,

= Z sgn(0) fo(1) @ @ fomy(ar, .., an).
g€S,
O

51 35.26 8 KA 2= XL € A"(V)5M € As(V)HSLHE R NAI(L @ M). {H72, it

— ot LAE, ATKIAL(L @ M) EIF & B 2 rlslWR. X2 B LM A E 33

(1. ok, IR S AR RAE 2 — AR T IE U R TIEG 6, I TL e A7(V),
MeA(V),NeA(V),H

(s + ) Alt(Alt(L ® M) ® N) = (r + s)! Alt(L @ Alt(M @ N)). (5.17)
USRI F IR N0, A R IR TR K. [FI, AT DA LS M) A TR & N
1
mAlt(L ® M) (5.18)
il
iAlt(L ® M), (5.19)

MNTITASE " il A2 i 45 1. L%?*EX%BE%&TWZ%@ i, I HAA R, R (5.19) HBREEH
R FrlsUELFE R T WH i 00 BMER, I HXHeATFI AR NG & F2, W F iR
TEFEE, BT (r + o)!8rIsIHEF R —MANTT I, AT (5.18) F1(5.19) 3% A & . N T S ARIX — PRI,
ATk S B AR, BLER F o AN B U0 — I 2ok s SO R R
NI, RS, T
Sh(r,s) ={c € Srys|o(l) <---<o(r),o(r+1)<---<o(r+s)}.
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Sh(r, s)| = <7"+s> _ (r+s)!

r rls!
BATE XL AM e MTH5(V) N

LAM(ay,...,004s) Z sgn(o)L(agrys - - Qo)) M(Qo(ri1), - -+ s Qo (rts))s (5.20)

oeSh(r,s)
ﬁial, v, Qpgg € V.

B 5.13. BLf1, fo € V. W f1L A f25615.67 B 5 AR — 2
5 5.14. ¥n>k>1. BHEH,
Sh(k,n—k)={o; | I C {1,...,n},|I| = k}, (5.21)
XHop e Spt i (5.1) 58 B e, F 51,
Sh(n—1,1) ={o; | 1 <i <n},
Horo iy5e n(5.12). Bk, WRL € A»=Y(V), fe V™, 1

LA flag,...,« ngn (00) L(0,(1)s - -+ 5 Yoy (n—1)) f (Qry (m)) (5.22)

i=1
n
Z VUTIL( e 1y Qg - - ) f ().

KL, Ychar F = O, 93(5 20)EXE'JL A Ml (5.19)2, M2 5Z8 1. B, f£—
FUBIL T, FAT TR ZEEFNEIX —F k.
5138 5.27. X TLec A" (V), M e A*(V), HH(5.20)45 12 MR ELL A MAZSZEE 1.

MERR.  ans.5(1), AFUEMIE R M HAR AR B AR, L A MEJBUERZ0. Way,...,arps €V,
=i, XBE1<i<r+4+s— 1. ATTFEIUEHL A M(aq, ..., 016) = 0. FHRESh(r, ) T4
P={ceSh(r,s)|ic{cl),...,o(r)},i+1e{o(r+1),...,0(r+s)}}

P ={oceSh(r,s)|ic{o(r+1),...,0(r+s)}i+1e{o(l),...,o(r)}}

Wiko € Sh(r,s) ~ (PUP'), Wifli + 1R EE{c(1),...,0(r)}B{o(r +1),...,0(r +s)}H. Ik

i, LA M A
L(ag(1)s -+ s Qo(r) ) M (Qo(rg1)s - - Qo(rgs)) = 0.
A, FBRENr = (i, +1). KA, %o € P, W7o € Sh(r, s), M HE—PH
P' ={r0 |0 € P}.
HHHE T = a1, Mo € PHA
L(agys - Qo(r)) = L(Qro(1)s - - Qro(r))s
M(ao(rt1), - Qo(ris)) = M(Qro(ri1), -5 Qro(ris))-
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FI R XS A 145 2
LAM(ag,...,0pqs)

= Z sgn (o) L(ag(1ys - - s Co(r)) M (Qo(rg1)s - -+ s Qo(ris))
oePUP’

Z Sgn(o)(L(aa(l)v s 7aa(r))M(aa(r+1)7 R aa(r+s)) - L(aro(l)a R aTU(r))M(aTU(T+1)a ceey aTU(r+s)))
oeP

=0.
Xt e 7R, m

B 51 #5.27, FRATAT DA TR SE X
EX 5.6. WL e A"(V), M € A*(V). H(5.20) 4 HIILAM € A™+(V)FRALE MPIIME (exterior
product&{wedge product).

FATRT AR 51 252745 AT 41 UK Laplace & T 5€ BR 1) 53 —MIE .
EE5.190 7 —IERR. X BRI EAT RIT IS, $%kA I IE 5> nT DL IE . X1
HFEB = [bi;) € F*™<U (1 <1 < n)BUTHRAREET C {1,...,n}, |I| = I, 1B € F>XU N BRIFERE
Je{by; | i€ 1,1 < j < M RURIFERE, BB IR RE T

(B1)rs = boy(ryss T8 €{1,..., 1}
TRATVHE, B (Ar, ..., Ay) = det[Ay, ..., AR F™ ERIn B RER AL BRI, 0T BUE 1
Tl C {1,...,n}, |Io| = k, s
L:(FYYr 5 F, L(By,...,By) =det[Bi,..., B,

JEF™ bk E AR R AL, W

M:(F~ =k F, M(By,...,Ba_i) — det[Bi,...,Bu_ilrc
P Efn — kB R AL A 527, AMRL A MAZFY ! ERnBE AT MR L. THIX
FER n B AT B 2 1t o H e A I 4ERR 1. DRI AE H B e € FEAS

LAM(Aq,... A,) =cdet[Ay,..., A,], VA, ..., A, € F"*L (5.23)
NHIRATHRL A MRS, I Hag tF e, H1(5.21), JATH

LAM(Ay,...,An) = > sgn(07)L(Ag, 1) Aoy ()M (Ag (k1) - > Aoy ()

= Z Sgn(O'J) det[AO'J(l)7"'7AG'J(k})]I() det[AUJ(k+1)v---vAUJ(n)]Ig

= > sgn(oy)det[Ay, ..., Anlp, s det[Ar, ... Anlrg e

BRI (5.23), 152
cdet(A) = Z sgn(oy)det(Ay, s) det(Age je), VA€ F"*".

Jc{1,...,n}
|J=k
7E LR HA = 1, W5 = sgn(oy,). TR (5.2), B 58 R T UEH. O

FATLR BT R S 2 B LR PR BRI S AR,
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R 5.28. (1) WUFA™(V) x AS(V) = A™F5(V), (L, M) — L A MAREIELVER.
(2) WL e A"(V),M e A*(V),N € AL (V). T
(LAM)AN=LA(MAN,).
(3) WL eA™(V),M e A5(V). N
MAL=(-1)""LAM.
WERA. (1) AT Ris.24(1) IERH. X B AR,
(2) TAVIGAE(L A M) ANFIL A (M ANYE(ar, ...,y o) € VIS THIBUE AT

Z SgD(U)L(OéU(l), B aa(r))M(aU(r-i-l)v s 7a0'(T+S))N(aU(T+S+1)7 s 7aa(r+s+t))7 (524)
oeSh(r,s,t)

XH
Sh(r,s,t) ={0 € Spqsyt | 0(1) < -+ < o(r),o(r+1) <--- < o(r+s),o(r+s+1) < --- < o(r+s+t)}.
B, X1 € Sh(r,s), X7 € Sh(r, s, t) A

(i), 1<i<r+s,

#(i) =

1, r+s+1<:1<r+s-+t.
Msgn(7) = sgn(r). HHEH, ko € Sh(r + s,t), 7 € Sh(r,s), WoF € Sh(r,s,t), FHm
$FSh(r + s,t) x Sh(r,s) — Sh(r, s,t), (o, 7) = oF AW, MM

(L/\M) /\N(ala'~'7ar+s+t)

Z SgH(O')L A M(aa(l)a R aU(r+s))N(O‘o’(r+s+l)7 teey aa(r+s+t))
o€Sh(r+s,t)

= Y sgn(0)sen(r) Lo (r(1)); - - o)) M Qo rrr1))s -+ > Qo(r(rts) )N (Qo(rrsit)s - > Qo(rssrt)
oeSh(r+s,t)
T€Sh(r,s)
= Z Sgn(U%)L(aaf'(l)a <o 7ao"F(T))M(ao"F(T+1)a s 7ao?(r+s))N(aa‘F(r+s+1)a sy ao"T’('r‘Jrert))
o€Sh(r+s,t)

T€Sh(r,s)
= (5.24)5\.
HAdh, Xf7 € Sh(s, t), & X7 € Sh(r, s, )M

i, 1<i<r
(i) =
r+7(—1r), r+1<i<r+4+s+t.
Mlsgn(7) = sgn(7), 7 H.(0,7) > o7& MSh(r, s +t) x Sh(s, t)BISh(r, s, t) IR RLEF. K
LA (M A ]\[)(O&l7 PPN 7Olr+s+t)

Z sgn(O)L(ag(l), e ,OJU(T))M A N(ag(r+1), RN ao’(r+s+t))
o€Sh(r,s+t)

= > sen(0)sgn(T)L(0a(1)s - Qo)) M (Catrar () - Qa(rar(s) N Qo rar(s41))s -+ > Co(rir(st))
o€eSh(r,s+t)
T€Sh(s,t)

= Z Sgn(af-)L(aa'f(lﬁ IR aa%(r))M(aa%(r+1)7 IR aJ%(T+s))N(a0%(r+s+1)7 v 7050"?'(r+s+t))
oeSh(r,s+t)
TE€Sh(s,t)

(5.24)3¢.
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=S I AR TT
(3) HEE

( 1 x T r+1 - r+ s)
T = S Sr+s~
s+1 -+ r+s 1 e s

KHEM, sen(r) = (1), AN TFo € Spps, 0 € Sh(s, r) RSB ELFor € Sh(r,s). M
MXta, ... 0, €V, BATA

M A L(Oq, R ar+s) = Z Sgn(U)L(ao(s+1)7 s 7aa(r+s))M(ao’(1)7 s 7a0(s))
oeSh(s,r)

= Sgn(T) Z SgH(O'T)L(Ota.,-(l), R aUT(r))M(aUT(T+1)a EERE) aUT(T+S))

o€Sh(s,r)
=(-1)"* Z sgn(0) L1y, - - 5 Qo(r)) M (Qo(rg1)s - - - s Qo (rts))
o€Sh(r,s)
=(=1)"LAM(ar,...,04+s).
BRI M A L= (-1)"*LAM. m

ARG S, RIar5.28(2), XLy € A" (V),...,L, € A™(V), A LLsE SLCEATH)
HMRLy A -+ A Ly, R85 R SMAMARRT R, WERL# RV E, e T
Lkt
Wl 5.29. Wf1,...,fac Ve N

N ANfp=Al(fi @@ fn) = Z sgn(0) fo1) @+ @ fo(n)-

ocEeS,
WERR. B ANEAURE DI H5.26. RATHBAGNEIERE —MERX Yn = INEFIUEH. &
n > 2, FHE DR — 1R, X TF1<i<n, id
P,={0c€eb,|on)=i}.
|
P, ={o;7| 7€ Sn_1},
X Hoy HH(5.12) € X, 7H(5.13) & X. H(5.22) S XAHIME X, Xay,...,a, e VA
fin A fulon, ... ap)
= ngn(ai)Alt(fl @+ @ fno1)(Qoy(1)s -+ s Xy (n=1)) (Ao (m))

i=1

n
= sgn(oi) > sen(m) i@ @ fao1(Qo,(r(1))s - - Yoy (r(n—1))) Fr Qo ()
=1

TESH_1

= Z Z Sgn(o—i%)fl X fn(aaif'(l)v ceey aaﬁ'(n))

i=17€S,_1
= Z Z sgn(o) f1 @ -+ @ fulaoys - Ao(n))
i=1 oEP;
= Alt(fl ® - fn)(Oll, - ,Ozn).
X TE R R, O
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5. 20Ut B, FATLE (5.6) P Sl N In B A A A BB RN £, . .., £ BIAMEL B ELAE S f1 A
co A [ SR ERE BN
HEIL 5.30. W fy, ..., foe Ve I
(1) XfE&o € S, A
oy N+ A fom) =sgn(a)fi A+ A fu.
(2) MfERay,...,an, € VA
fin--- A folaq, ..., an) = det[fi(a;)],
EH[fi ()] € Fr 92 (i, §)-T0 N fi (o ) I TTRE.
UERA. (1) M ds.29, A

fo(l) ARERNAN fo’(n) = Z Sgn(T)fa‘r(l) Q- fO’T(n)
Tesn

= Z Sgn(o—ilT)fT(l) Q- ® fT(n)
TESH

=sgn(o)fi A A fn.
AT AT LU 2 AR PEML (V) s A™(V), (f1, s fa) = LA A fo N AT RE5.5(2) 4
J7RAUERA (1),
(2) R 77 BEAT 5 N #RIA A (5.10), B

fl /\"'/\fn(a17'-~aan) = Z Sgn(a)fa(l) @ ®fa(n)(a17--~7an)
o€Sn

= Sgn(a)fa(l)(al) T fa(n) (an> = det[fi(aj)]'
oESR
O

TR P 2 T DA B ERAT T3 — S B A Laplace BT BRI SR —ANEM. W {f1, ..., fuRF™H
PREFELE (P [l L. BUBTeinEEL C {1,...,n}, || = k. &
Io = {i1, ... ix}, i1 < - <ip,
IS =iy, .. i), i< <l g
m#ER5.30(1), |ATA
fi N A fu=sgnory)(fiy, Ao A ) N (Fig Ao A fir ).
BOHEW, fo Ao N i Ao A fr o RGEIEWI R R B LA M, i B2 (5.23) 30 B
FRAEUL, BAWES, A A i T Ao A fo | BIAMEEEE SUHURTT, 132 T Laplace € T 7€ #E.
B R RIAILE AT (V) LRI 4E %
EIE 5.31. WVEAFRGELHESN, dimV =n, {fi,..., fo BV HIEE
(1) @R <r<n, W
{fis Ao A fi, | 1<y < v <y <) (5.25)
FEAT (V). R, dim A™(V) = (7).
(2) @WHr > n, WAT(V) = {0}.
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MERR. WL e A7(V), {an,...,an & {f1,. .., fu AEVHFIXHER. HEH5.25(2),
L= Z L<04i17~-~,04i,,.)fi1®"'®fi,,,.

1<in,oin<n
WHr > n, WES{, ... 0} P T, ... i 2 EWMEE, NTL(q,,...,q;,) = 0.
WL = 0. XHEH 7 (2). %1 <r<n. N
L= Z L(aha"'vair)fil ®®f17

i1 mir€{l,...,n}
IEA AR

= Z Z L( @iy @iy ) figy @+ @ fig,y

1<iy <-+<ip<n c€S,

= Z L(ah P 7ai7‘) Z Sgn(o-)fig(l) K- fig(r)

1<i1 << <n g€S,

= Z L<ai17"'7air,~)fi1/\"'/\fi,,n

1<i; < <ip<n
AR & (5.25) 2B AT (V). A —TJ51H, B4 (5.15) ML 424 (5.25) kM T 5%, X HIE M
T (5.25) A" (V) I O

B, AR — AN 2P R B /R 0 21 B o, B AR 75 DA 22 W] DR SR A T I e 2 42 by
BOE LR K.
EIE 5.32. WS, ..., fn eV ML A A fr # OFIFTES DL f1, ..., fo RTETK.

MERR. =7 BB A A fo #0. WIfFEar, ..., e VA A A fr(oa, ..., an) # 0. HIE
W5.30(2), IXHEHFERE(f;(o))] PIHE. W1Rer, ... e € FIREY [ cif; =0, W

(Ch..., fz CKJ (Zczfz al chfl(an)> =0.

=1
Fiibh(er, ... cn) = 0. Jkt{fl,...,fn}%zréj?ﬁ%.
=" B fr, ... fo YERVETE DS, FRATTSCAE B 2R M Wi
T:V—=F", T(a)=(fila),..., fa(@))
RS, ik, RFRIEIm(T)7E(F™)* P R T2 A (T) O N E 725 0. g € Im(T)°. H
TgreFr EIEYEREL, iUAfEEcy,. .., ¢, € FIUTS

g1, ..., zn) = Zcixi, V(x1,...,x,) € F™.
i=1

Mg € Im(T)°%iMgo T = 0, BIXMERa e VA

n

9(T(a)) = Zcifi(a) =0,

i=1
WYY " eifi = 0. HT{f1,..., fu}RMETK, ZHiHe = =¢, =0, flg =0. X
FOER TIm(7)° = 0. ULTRES. I, HEF MR e, ... 6 ). HTTRHEHN, £
fEar,...,an € VERT(a)) = €j, Bl fi(oy) = 8i5. MTTFEREfi (o) N FRALFERE. FHAER5.30(2),

BAVERNf LA A falog,.. ) =1 FBEA A A f #0. O
NPT A AR 1.

HEIL 5.33. WdimV =n, f1,..., fn €V MANA - Afn # ORI EZMZE{fr, ..., L} RV
.
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FATRI FHE 185,945 tH 41853311 55— AMIE .
MERR. FEEE|dim A™(V) = 1. BUE R ¢ : An(V) — F. B
L:(V )" =F, L(fi,-...fn) =6(fiN--- A fn)
RV ERnEAMERE. BT WERES e VAL A f =0, FTULLAEMS R FE RN BUEZE.
A 5.5(1), LS. SB—51H, H51E5.7(2), LAMESLTE. B2, ATHL e A™(V*)~ {0}.
HHE1E5.9, BifE
{fi, oo BV = L(fi,. ., fa) #0 <= fiA---Af, #0.

Xt e 7R, O

S5 5.6.
1. B0IE(5.16) F1 & LA AL (L) /2 SR .
2. AH_ERREE R, BRI (5.16) 1 E AL (L) A ST BRI
3. ASFH i 5. 28 (2) BELAE I (5.17) 2K
4. fE¥char F = 0. I (5.17) %A1 (5.18) F1(5.19) 1 %8 XK “38 % e A #1512 Tledd i &5 K.
5. fichar F = 0. 381F(5.20) & LWL A M5 (5.19) K — .
6. Brie@ ¥, Le AN"(V). IEMILAL =0.
T Wf1, s fr € VIERIETLK. WEBAXSf € V*, f € span{fy,..., [ HOTE DL ERMZEF A fL A
A fr=0.
8. Wgi,...,9, €W*, T e L(V,W). IEH
T (g A Nge) =Tl g Ao ATg,.
9. WdimV =n, f1,...,fn € V*, T € L(V). iEHH
T N AT fry =det(T)fL A A fu.



