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1. (� (1) =⇒ (2), �i ν << µ, , T dν/dµ ' �li f . ��i ν i�tH[�8� f ∈ L1(Ω,F , µ). �gE0�:��| (�6� 3.2.3) �)�:� ǫ > 0, ' δ > 0,* µ(A) < δ H� |ν(A)| ≤
∫

A
|f |dµ < ǫ.

(2) =⇒ (1), AX µ(A) = 0, !:�=� ǫ > 0, ' δ > 0, µ(A) < δ, Y� ν(A) < ǫ, �
ǫ 0=�|� ν(A)=0.0�%�� 6 � 19 ?�ZCt0C?Qr(�N�a�oE f �z�m�_������

2. P� Hahn Ey (6� 4.2.3 j1M (4.2.6)), Ω = Ω+ ∪ Ω−, Ω+ ∩ Ω− = ∅. :=^
A ∈ F ,

µ(A) = µ(A ∩ Ω+) + µ(A ∩ Ω−) = µ+(A)− µ−(A),1. µ+(A) = µ(A ∩ Ω+) ≥ 0, µ−(A) = −µ(A ∩ Ω−) ≥ 0. �%
µ+(Ω) = µ(Ω+) ≥ µ(A ∩ Ω+) ≥ µ(A) ≥ µ(A ∩ Ω−) ≥ µ(Ω−) = −µ−(Ω).

sup
A∈F

|µ(A)| = max{µ+(Ω), µ−(Ω)}, µ+(Ω) + µ−(Ω) ≤ 2 sup
A∈F

|µ(A)|.AX µ(Ω) = µ+(Ω)− µ−(Ω) = 0, ! µ+(Ω) = µ−(Ω) = supA∈F |µ(A)|, CV�1M.1["��
3. (��i ν(A) =

∫

A
fdµ, θ(A) =

∫

A
gdµ. Y� (θ − ν)(A) =

∫

A
(g − f)dµ. |
��P�Æ)x� (�4 105 	4 3 {), (θ − ν)+(A) =

∫

A
(g − f)+dµ. a� (ν − θ)+(A) =

∫

A
(f − g)+dµ. �%

d(ν ∨ θ)

dµ
=

d(ν + (θ − ν)+)

dµ
=

dν

dµ
+

d(θ − ν)+

dµ

(a)
= f + (g − f)+ = f ∨ g;

d(ν ∧ θ)

dµ
=

d(ν − (ν − θ)+)

dµ
=

dν

dµ
−

d(ν − θ)+

dµ
= f − (f − g)+ = f ∧ g.0�1M (a) ��P�('Y}�-�AX� L�%
1M2�VÆ�x����L<d,}�I!�yI!�% ��.+�gh8��) �{0�Q.fP��s$,Y#n0���
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4. �i X � Y 7�aE��Y� (X, Y ) � (Y,X) aE��:�=���ZW f ,

E[Xf(X + Y )] = E[Y f(Y +X)] = E[Y f(X + Y )].=^ B ∈ σ(X + Y ) ���Ni X + Y ∈ A, 1. A i Borel i�k�
∫

B

XdP =

∫

X1A(X + Y )dP =

∫

Y 1A(X + Y )dP =

∫

B

Y dP.Y� E(X|X + Y ) = E(Y |X + Y ) a.s. |<
E(X|X + Y ) =

1

2
[E(X|X + Y ) + E(Y |X + Y )] =

1

2
E(X + Y |X + Y ) =

X + Y

2
a.s.

5. (�:=�JW c, Os A = {X ≥ c} ∈ σ(X), Os B = {Y ≥ c} ∈ σ(Y ). �
X = E(Y |X) �/

∫

A

XdP =

∫

A

E(Y |X)dP =

∫

A

Y dP

∫

AB

(X − Y )dP =

∫

A∩Bc

(Y −X)dP ≤ 0.a�� Y = E(X|Y ) �/ ∫

AB
(X − Y )dP =

∫

B∩Ac
(Y −X)dP ≥ 0. x_CM/

∫

A∩Bc

(Y −X)dP = 0.�%d$ P (X ≥ c > Y ) = P (A ∩ Bc) = 0.

P (X > Y ) = P (∪r∈Q{X ≥ r > Y }) ≤
∑

r∈Q

P (X ≥ r > Y ) = 0.1. QP��W9^�a��� X � Y 0:!|�/ P (Y > X) = 0,_�/ P (X 6= Y ) = 0,k X = Y a.s.0 1: �xa� EX2 < ∞, EY 2 < ∞ 0_sq('%℄��/ 2 E�0 2. �xa� ('.0�-�
∀A ∈ σ(X),

∫

A

XdP =

∫

A

Y dP, ∀B ∈ σ(Y ),

∫

B

XdP =

∫

B

Y dP.��%W $�/ 2 E��xa�Q(' H = {A,
∫

A
XdP =

∫

A
Y dP} P σ- ���/

5 E�
6. (�l ξ = E(X|G), η = E(Y |H). l℄1i:=^ A ∈ G ∨ H �(

∫

A

XY dP =

∫

A

ξηdP.7 L = {A,
∫

A
XY dP =

∫

A
ξηdP}. Γ = {A ∩ B, A ∈ G, B ∈ H}. q&�( (1) L P

λ- �� (2)Γ P π- �� (3) Γ ⊂ L. !P� π-λ ��� L ⊃ σ(Γ) = G ∨H.
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(1) �7�|� ∫

Ω
XY dP = E(XY ) = EXEY = EξEη = E(ξη) =

∫

Ω
ξηdP . Y�

Ω ∈ L. (%�}� E|XY | = E|X|E|Y | < ∞. ℄)."�':0' E|X| < ∞, E|Y | < ∞�)%P+S6�_s0g E(X|G),E(Y |H) 02\�)1&��AX A,B ∈ L, A ⊃ B, !
∫

A\B

XY dP =

∫

A

XY dP −

∫

B

XY dP =

∫

A

ξηdP −

∫

B

ξηdP =

∫

A\B

ξηdP.�%�) A \B ∈ L.�&�AX An ∈ L, An ⊂ An+1, A = ∪nAn !
∫

A

XY dP = lim
n

∫

An

XY dP = lim
n

∫

An

ξηdP =

∫

A

ξηdP.%�m%��
-R�6��� |XY | i
-ZW�4CYV� L P λ- ��
(2)AX A1∩B1, A2∩B2 ∈ Γ,1. A1, A2 ∈ G, B1, B2 ∈ H,! A1∩A2 ∈ G, B1∩B2 ∈ H.T (A1 ∩ B1) ∩ (A2 ∩B2) = (A1 ∩ A2) ∩ (B1 ∩B2) ∈ Γ. k Γ P π- ��
(3) E A ∩B ∈ Γ, A ∈ G � B ∈ H, !

∫

AB

XY dP = E(X1AY 1B)
(2)
= (EX1A)(EY 1B) =

∫

A

XdP

∫

B

Y dP

(4)
=

∫

A

ξdP

∫

B

ηdP = (Eξ1A)(Eη1B)
(6)
= E(ξ1Aη1B) =

∫

AB

ξηdP.1.4 2 N1[�� σ(X)∨G � σ(Y )∨H 0v`7�|�4 4 N1MP_s0g06��4 6 N1[�� G � H 0v`7�|��% Γ ⊂ L.0�m% C&('."n�_s� σ(X) ∨ G � σ(Y ) ∨ H v`7��Æ�a�O$�A�X'�℄_s (X � Y j H 7�� Y � X j G 7�� G � H 7�) �5�d$('.Y}�0 σ(X) ∨ G � σ(Y ) ∨H 0v`7�|�
7. (�r( σ(∪i∈Iπ

−1
i (Ci)) ⊂

∏

i∈I Fi. :=� i ∈ I, π−1
i (Ci) ⊂ π−1

i (Fi) ⊂
∏

i∈I Fi. Y� ∪i∈Iπ
−1
i (Ci) ⊂

∏

i∈I Fi. |< σ(∪i∈Iπ
−1
i (Fi)) ⊂

∏

i∈I Fi. (,% 5 E).�( ∏

i∈I Fi ⊂ σ(∪i∈Iπ
−1
i (Fi)). P�6� ∏

i∈I Fi = σ(Q), 1.
Q = ∪S∈D{π

−1
S (

∏

t∈S

At), At ∈ Ft, t ∈ S}< D P I 0Y��t2i9^�i%�:=� S ∈ D,

π−1
S (

∏

t∈S

At) ∈ π−1
S (

∏

t∈S

Ft) = π−1
S (

∏

t∈S

σ(Ct)) = σ(∪t∈Sπ
−1
t (Ct)) ⊂ σ(∪i∈Iπ

−1
i (Ci))�% Q ⊂ σ(∪i∈Iπ

−1
i (Ci)). |< ∏

i∈I Fi = σ(Q) ⊂ σ(∪i∈Iπ
−1
i (Ci)). (��0 1. ℄\zP� o5j#g	qC0��i06��k ∏

i∈I Fi = σ(Q) (�4
154 	4 5 {).



4 0 2. �xa�r( σ(∪i∈Iπ
−1
i (Ci)) = σ(∪i∈Iπ

−1
i (Fi)) �/I�C σ(∪i∈Iπ

−1
i (Fi)) =

∏

i∈I Fi 0('�%�P��0�)�Srw�$�
8. �℄E ν1 << µ1, ν2 << µ2, l ξ = dν1/dµ1, η = dν2/dµ2. Sro6 µ1 ℄ ν1,

µ2 ℄ ν2 �i�t�8� (F!��� Ω ℄ S bEi��N2i� #N2iCP�t�8�) %� ξ ℄ η E�P (Ω,F , µ1) ℄ (S,S, µ2) C�gZW�P� Fubini 6�� ξη �P
(Ω× S,F × S, µ1 × µ2) C�gZW�:� A ∈ F × S, 6� θ(A) =

∫

A
(ξ · η)d(µ1 × µ2).B B ∈ F , C ∈ S, P� Fubini 6��

ν1 × ν2(B × C) = ν1(B) · ν2(C) = (

∫

B

ξdµ1)(

∫

C

ηdµ2) =

∫

B×C

ξηd(µ1 × µ2) = θ(B × C).

(,%�/ 5 E)l Γ = {B × C, 1. B ∈ F , C ∈ S}. !�N�8 θ ℄ ν1 × ν2  	e Γ Cva���eh
|� θ = ν1 × ν2 :� σ(Γ) = F × S �;"��k�:� A ∈ F × S,

ν1 × ν2(A) =

∫

A

(ξ · η)d(µ1 × µ2).�%�aH/$�:��|℄ R-N ,W (�gE0�:��|��6� 3.2.3 ��) ν1 ×

ν2 << µ1 × µ2). (��0
�
xa�(' G = {A ∈ F ×S, θ(A) = ν1 × ν2(A)} P λ- ��<2&Æ~(' Γ ⊂ G. Y�P� π − λ ��� G ⊃ σ(Γ) = F × S. :� A ∈ F × S, θ(A) = ν1 × ν2(A).0>�~;a�a��D.G8( ν1 × ν2 << µ1 × µ2, U�)%*4>�E0d��
9. 1M�"�� (y$% 5 N3�/ 5 E). 7 (Ωi,Fi, µi) = (R,B, m). 1. m iÆ�M�8� B i��=i9^�! B = L iÆ�M��i9^�7 A i
jÆ�M���i�! A× {0} P>j��i��%�f�|� A× {0} ∈ B × B, ) A× {0} /∈ L × L.0��xa�"�9�1MPF"��+('� F1 ×F2 ⊂ F1 × F2, / 2 E�
10. (1) U6 ω ∈ Ω1, r( λ1 ◦ λ2(ω, ·) P6� F3 C0K��8�

λ1 ◦ λ2(ω, ∅) =

∫

λ2(ω2, ∅)λ1(ω, dω2) =

∫

0 · λ1(ω, dω2) = 0.

λ1 ◦ λ2(ω,Ω3) =

∫

λ2(ω2,Ω3)λ1(ω, dω2) =

∫

1 · λ1(ω, dω2) = λ1(ω,Ω2) = 1.AX An ∈ F3, {An} `�vu�!
λ1 ◦ λ2(ω,∪nAn) =

∫

λ2(ω2,∪nAn)λ1(ω, dω2) =

∫

[
∑

n

λ2(ω2, An)] · λ1(ω, dω2)

=
∑

n

∫

λ2(ω2, An) · λ1(ω, dω2) =
∑

n

λ1 ◦ λ2(ω,An).



5Y� λ1 ◦ λ2(ω, ·) V�4>N�������n|� 5K��80R��6� (,%�/
2 E)�U6 B ∈ F3 �( λ1 ◦ λ2( · , B) V�4
N��P��0�AX λ2(ω2, B) = 1A(ω2)P ω2 0[&ZW�!

λ1 ◦ λ2(ω,B) =

∫

λ2(ω2, B)λ1(ω, dω2) =

∫

1A(ω2)λ1(ω, dω2) = λ1(ω,A),P� λ1 06��PV� ω ��0�AX λ2(ω2, B) =
∑

n an1An
(ω2) P ω2 0r(ZW�!

λ1 ◦ λ2(ω,B) =

∫

(
∑

n

an1An
(ω2))λ1(ω, dω2) =

∑

n

anλ1(ω,An),PV� ω ��ZW0u|6_��;PV� ω ���
�0 λ2(ω2, B) ��
�r(ZW {fm} �Æ}�1. fm =
∑

n amn1Amn
(ω2). <r(ZW0ht

λ1 ◦ λ2(ω,B) =

∫

(lim
m

fm)λ1(ω, dω2) = lim
m
[
∑

n

amnλ1(ω,Amn)],>P ω2 0��ZW�,%m%�(� λ1 ◦ λ2 P Ω1 × F3 C0K�1�ZW�
(2) :=� ω ∈ Ω1, B ∈ F4, s��(

((λ1 ◦ λ2) ◦ λ3)(ω,B) = (λ1 ◦ (λ2 ◦ λ3))(ω,B). (1)%1p�
(

∫
(
∫

λ2(ω2, dω3)λ1(ω, dω2)

)

λ3(ω3, B) =

∫
(
∫

λ2(ω2, dω3)λ3(ω3, B)

)

λ1(ω, dω2). (2)a2	�E0('�AX λ3(ω3, B) = 1A(ω3), !
((λ1 ◦ λ2) ◦ λ3)(ω,B) =

∫

(λ1 ◦ λ2)(ω, dω3)1A(ω3) = (λ1 ◦ λ2)(ω,A) =

∫

λ2(ω2, A)λ1(ω, dω2)<
(λ1 ◦ (λ2 ◦ λ3))(ω,B) =

∫
(
∫

λ2(ω2, dω3)1A(ω3)

)

λ1(ω, dω2) =

∫

λ2(ω2, A)λ1(ω, dω2).�%1M (1) :� λ3(ω3, B) = 1A(ω3) "��7
Γ = {g,

∫
(
∫

λ2(ω2, dω3)λ1(ω, dω2)

)

g(ω3) =

∫
(
∫

λ2(ω2, dω3)g(ω3)

)

λ1(ω, dω2)}.AX f, g ∈ Γ, JW a, b ≥ 0, !�gE0u||� af + bg ∈ Gamma, AX gn ∈ Γ, gn (5CG��(5R�6�� limn gn ∈ Γ, Y� Γ P(5��P�(5�6� (�6� 1.5.5),

Γ 
Y
3 F3- ��DJZW�[�3�=^K�1�ZW λ3(ω3, B) ∈ Γ. (℄/(�0 1: ~;a�F!P� Fubini 6��/4>�E�%P{�`0�0 2. N�a����;y�!����� 5.1.5 0C?��('�%P��vT0b�V���
ka��l/6��[�)+X$P Fubini 6�2&4>N6��%�P��vT0�<
xa�F!��)K��('�%�0B*ow��+/E�


