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1. X� A G B 4M.n� A G C 4M.n�, A G B ∪ C �8<4M.n�E���=�Q~�E���L=�5m�
2. X,�C\l�E 20 <���V 8 L 7 i 5 u�^!V�	p<��>Rp��$����K�#Y0p�*=L=i(:s�
3. Z}�E�yBI=yX�Xp}-�P} (#EDP&	), ��6}LGr(�yB.A�^	�V=yB%T� �e*P}�,�R:	(B�X(:s�2"�
4. The event A is said to be attracted by B if P (A|B) > P (A). Show that if B attracts A then A

attracts B. If A attracts B and B attracts C, does A attracts C?

5. ��R5q (X,Y )(oK|/G�* f(x, y) = 6(x−y), 0 < y < x < 1;���6L f(x, y) = 0.�� X (�H7�G����=, X = x #Y0 Y (#Y|/G��
6. X��R�q X G Y 4M.n�7�9! Γ- 7� Γ(α, β) I Γ(γ, β). �� X + Y (|/G��Y� Γ(α, β) (:s|/G�* p(x) = βαxα−1e−βx/Γ(α), x > 0.

7. ��R�q X 9!P�7� N(µ, σ2), �� Y = eX (|/G��
8. Buffon %O,!�X�*}�Ep℄4M�S(�73�`34b a, +34b b, O(�/
r < min{a, b}. �R5*}%O��� (1) %OG$�G`3I+34[(:s� (2) %OV�G`34[�<�G+34[(:s�
9. � f G g �7���R�q X G Y (:s|/G�� 0 ≤ α ≤ 1, Q~ αf + (1−α)g <�:s|/G���hN?�*|/G�(�R�q��,�x#Yg?�Q fαg1−α ��<�R�q(|/G��
10. � X1,X2,X3 4M.n�7�9!��* p1, p2, p3 (UJ7���Q

P (X1 < X2 < X3) =
(1 − q1)(1 − q2)q2q

2
3

(1 − q2q3)(1 − q1q2q3)
,�V qi = 1 − pi, i = 1, 2, 3, �� P (X1 ≤ X2 ≤ X3).
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10. ℄� P (X1 ≤ n) =
∑n

k=1 p1q
k−1
1 = p1(1 − qn

1 )/(1 − q1) = 1 − qn
1 .D�g'

P (X1 ≤ n − 1) = 1 − qn−1
1 ;P (X3 ≥ n + 1) = 1 − P (X3 ≤ n) = qn

3 ;P (X3 ≥ n) = qn−1
3 .

P (X1 < X2 < X3) =
∞∑

n=2

P (X1 < X2 < X3,X2 = n)

=
∞∑

n=2

P (X1 < n)P (X2 = n)P (X3 > n)

=
∞∑

n=2

P (X1 ≤ n − 1)P (X2 = n)P (X3 ≥ n + 1) =
∞∑

n=2

(1 − qn−1
1 )p2q

n−1
2 qn

3

=
∞∑

n=2

p2q
n−1
2 qn

3 −
∞∑

n=2

qn−1
1 p2q

n−1
2 qn

3

= p2q3(
∞∑

n=1

qn
2 qn

3 −
∞∑

n=1

qn
1 qn

2 qn
3 )

= p2q3[
1

1 − q2q3
− 1

1 − q1q2q3
] =

(1 − q1)(1 − q2)q2q
2
3

(1 − q2q3)(1 − q1q2q3)

P (X1 ≤ X2 ≤ X3) =
∞∑

n=2

P (X1 ≤ X2 ≤ X3,X2 = n)

=
∞∑

n=1

P (X1 ≤ n)P (X2 = n)P (X3 ≥ n)

=
∞∑

n=1

P (X1 ≤ n)P (X2 = n)P (X3 ≥ n) =
∞∑

n=1

(1 − qn
1 )p2q

n−1
2 qn−1

3

= p2

∞∑
n=0

qn
2 qn

3 − p2q3

∞∑
n=0

qn
1 qn

2 qn
3

= p2[
1

1 − q2q3
− q1

1 − q1q2q3
] =

(1 − q1)(1 − q2)

(1 − q2q3)(1 − q1q2q3)

9. ℄� αf + (1 − α)g ≥ 0.
∫
[αf(x) + (1 − α)g(x)]dx = α

∫
f(x)dx + (1 − α)

∫
g(x)dx = 1.��R�q Z 9! Bernoulli 7�� P (Z = 1) = α, P (Z = 0) = 1 − α. Z G X,Y 4M.n�	

W = ZX + (1 − Z)Y . L
P (W ≤ x) = P (W ≤ x,Z = 1) + P (W ≤ x,Z = 0) = P (X ≤ x,Z = 1) + P (Y ≤ x,Z = 0)

= P (X ≤ x)P (Z = 1) + P (Y ≤ x)P (Z = 0) = αFX(x) + (1 − α)FY (x).)�p0$�BF x �%�' W (:s|/G�* αf + (1 − α)g.Æ α = 0Q 1,QM f = g,L fαg1−α 1
��<�R�q(|/G��=
3;�∫
fαg1−αdx ≤

(
∫

fdx)α(
∫

gdx)1−α = 1. Æ fαg1−α ��<�R�q(|/G��L ∫
fαg1−αdx = 1. NJF[�}(�)��9�)H�3_=�D�'� f G g ��m�A f = g.

8. � X *O(V+&`3(bj� Y *O(V+&+3(bj� θ *OG`3(W\�>a?� v Buffon %O(7/�-{X� X ∼ U(0, a/2), Y ∼ U(0, b/2), θ ∼ U(0, π), X, Y G θ 4M.n��Y A ��OG`34[�L
P (A) = P (X ≤ (r/2) sin θ) =

∫ π

0

∫ a/2

0

1

π

2

a
1{x≤(r/2) sin θ}dxdθ =

∫ π

0

1

π

r

a
sin θdθ =

2r

aπ
.
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$k��Y B = (Y ≤ (r/2)| cos θ|) ��OG+34[�L P (B) = 2r/(bπ).

P (AB) =

∫ π

0

∫ a/2

0

∫ b/2

0

1

π

2

a

2

b
1{x≤(r/2) sin θ,y≤(r/2)| cos θ|}dxdydθ =

∫ π

0

1

π

r

a

r

b
sin θ| cos θ|dθ

=
r2

abπ

∫ π/2

0
sin(2θ)dθ =

r2

abπ
.

P (AcBc) = 1−P (A∪B) = 1−P (A)−P (B) + P (AB) = 1− 2r

aπ
− 2r

bπ
+

r2

abπ
= 1− r

abπ
(2a + 2b− r).

7. ℄�1�� y ≤ 0, P (Y ≤ y) = 0; 1�� y > 0,

P (Y ≤ y) = P (eX ≤ y) = P (X ≤ log y) =

∫ log y

−∞

1√
2πσ

exp(−(x − µ)2

2σ2
)dx.p�BF y �%�' Y (|/G�*

1

y

1√
2πσ

exp(−(log y − µ)2

2σ2
).

6. ℄�DF.n8� (X,Y ) (oK|/G�*
βαxα−1e−βx

Γ(α)
1{x>0}

βγyγ−1e−βy

Γ(γ)
1{y>0}.

P (X + Y ≤ z) =

∫ ∫
x+y≤z

βαxα−1e−βx

Γ(α)
1{x>0}

βγyγ−1e−βy

Γ(γ)
1{y>0}dxdy.^�q"O�	 u = x + y, x = uv, L y = (1 − v)u, dxdy = ududv. ���*

∫ 1

0

∫ z

0

βα+γuα+γ−2e−βu

Γ(α)Γ(γ)
vα−1(1 − v)γ−1ududv =

β

Γ(α)Γ(γ)
(

∫ βz

0
uα+γ−1e−udu)(

∫ 1

0
vα−1(1 − v)γ−1dv).>a beta S7(8U ∫ 1

0 vα−1(1 − v)γ−1dv = Γ(α)Γ(γ)/Γ(α + γ).

P (X + Y ≤ z) =
β

Γ(α + γ)
(

∫ βz

0
uα+γ−1e−udu).p�BF z �%�' X +Y (|/G�* βα+γzα+γ−1e−βz/Γ(α+γ),T Γ(α+γ, β)(|/G��

5. ℄�1�J 0 < x < 1,

pX(x) =

∫
f(x, y)dy =

∫
0<y<x

6(y − x)dy = [6xy − 3y2]|x0 = 6x2 − 3x2 = 3x2;

FX(x) =

∫ x

0
pX(s)ds =

∫ x

0
3s2ds = s3|x0 = x3.

pY |X(y|x) =
f(x, y)

fX(x)
=

6(x − y)

3x2
1{0<y<x}.

4. �℄� P (AB)/P (B) = P (A|B) > P (A) =⇒ P (AB) > P (A)P (B)

=⇒ P (B|A) = P (AB)/P (A) > P (B). This is to say that A attacts B.

If A ∩ C = ∅, then P (AC) < P (A)P (C). In general, one can not conlude that A attracts C from the

fact that A attracts Band B attracts C.

3. ℄�C Bayes ?��� A *�2�<P}(�Y� B *�R	&X(�Y�L P (B) =

1/5, P (A|B) = 1, P (A|Bc) = 1/24.

P (B|A) =
P (A|B)P (B)

P (A|B)P (B) + P (A|Bc)P (Bc)
=

1 × (1/5)

1 × (1/5) + (1/16) × (4/5)
=

4

5
.
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2. ℄�Z��H�L�E 20×19X�$	4��Vp��$�(	4�E 8×12+7×13+5×15 =

262 X�3=L=iQ=i=L�E 8× 7 + 7× 8 = 112 X	4�AK>Rp��$�(#Y0p�*=L=i(:s* 112/262 = 56/131.

1. ℄�=
3;� A G B ∪ C �4M.n�>E5m�)� p.24 m 7.6, A,B,C pp.n$�4M.n�T P (ABC) 6= P (A)P (B)P (C) = P (A)P (BC).

P (A ∩ (B ∪ C) = P (AB ∪ AC) = P (AB) + P (AC) − P (ABC)

= P (A)P (B) + P (A)P (C) − P (ABC)

6= P (A)P (B) + P (A)P (C) − P (A)P (BC) = P (A)P (B ∪ C).
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