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The problem of the random walk.
Nature. 72, (1905),294.

PREEPLAE &7 A4S, n20 PABEH L5,

Bt _EHIBENLIES] random walks on

groups.

ST £ 0 9 SR B LI 3. (demo)

e Karl Pearson |

1857-1936)



X

~

G= (V, E)_E TR B FENL IS, HsL & L IREE.

CAT R BEVONIRES 23 18] 1 B TG EE, R R i
p(x,y)= 1/d, if x~y

/

0 otherwise

Horird, 9 TR x B B0, RIS xodH 3 BT 2

Y, AT AE IR EIG= (V, E, W) FE S E IRHE,
PATT R ARV IR ZS 25 [B] 1Y, #% 4%8 E

p(x,y) = w,/w, ifx~y

/)ﬁ'\

0 otherwise

S, 3wy, HR 0 7GR TR0,

I BE R 2.




George Polyais 2] [ il il 55

... he and his fiancée (would) also set
out for a stroll in the woods, and then
suddenly | met them there. And then |
met them the same morning
repeatedly. | don't remember how
many times, but certainly much too
often and | felt embarrassed. It looked
as if | was snooping around which was,
| assure you, not the case. | met them
by accident -but how likely was it that
it happened by accident and not on
purpose?

FEUh ] N IR BB e Polya 1887-1985



(ZE)G-BAN 3B
2 2 32

RSN
L 9&83#)?)5/%

A New Aspect oi
Mathematical
Method




o Y, 4R (B 2 R R

IR S IAEE T AT TR 2R ) )

JUANEEAN AIAIHER] s (1) Po( T, < o)= 1.
(2) IRBR FTE 5 2 IR IR YL,
(3) FEARBREL G(x,x) =2, p,(X,X) = oo

1|

FEEW: iYL F IR
i =4EREA LI 5 2 AR H R,

N



A drunk man will find his way home,
but a drunk bird may get lost forever
--Shizuo Kakutani
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* William Feller (1906-1970)
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Bl NA= (- oo , O] NI = X I8,

To(w) < oo A3 FRAS [A] Py AR

{w:T,(w) < oo } HIRATE AR =X —F

NATTIR 0 ) R A8 B = M 22 K2
P(w : Tp(w) < oo ) =P (t, < oo)

X HYMEA K, HX=X,

P (Ty<oo)

JEA] B P, (T, < o0 ) =17

1



E—ﬂﬁﬂgfﬂﬁﬂi P, (T <Tg).

BN, A= (-0, O) A= X 33, B= [N, o) N itk S
R DX 35

Xf T~ ZE (—4Efa] BBEH LT EN) T 5
P (ty <TR)=(1/2)P,,; (ty <T5) +(1/2) P, (T4 <T3).

0P, (t, <T15) =f(x), ABA,
2y € A, f(y) = 1;
#+z € B, Nilf(z) = 0.
X T — A X,
f(x) = (1/2) f(x+1) + (1/2) f(x-1).



X e M2 T R, FEAXEME. 2240 A = {0}, B ={N},
f(x) =1 — (x/N).
Y Gl Y N F /N

S

AN > 00, Ty > 0o, f(x)= P (T, <o0) > 1.
Ut B —4E T BB AL 20 A2 R 1.

XF - HARE T, A5 ] 51 3 5 F.
10 ,'\':\T\Xﬁd/l\/?‘\w%yy Yo ceever Yy il

f(x) = [fly,) + f(y,) + ....... +f(yy)] / d.
T s x o (B 2 B ) T 5 B ) SRR - 35,

KRY IR AR, Wil XA 7 R g ?



L LT AT [R] AR 7

BEALL BT D1, BAL FR R A0, TUIEx AL /) FE TR B2 F(x).

FEAF BT TS AN — AN T, B R TS AN —
AT, 325 WA U BZAMATI SN B BRIV,

R NASBZ ] H B E.
R o x5 B 8] ) FE 3 EE BE.
R AIx5AZ 8] ) B HE FE.

iy €A, fly)=1; zeB, f(z) =0; Il
f(x)=1- RxA/RAB.
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Ta(n) - 00,
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Raco= liM,, Ragn 2/ NA5 00 Z JA] H)FE 2 FELFH.
lim, f(x) =1 ZHAXZ lim, Ryg( = ©

E = IZJE*)_L/}??ZXJJTEI%LE/J <===>
FHIE 0 £ 0 48 6 OS2 0 952 0 45 2 b L o,
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wedge {(x, v, 2);

|z| < g(x)be

2 HAY Y Y (xg(x))t =00

i I

b3

W {(X]_I X2)

IR = HAE
> [[Tiz1® fi(n)] =00

BV Percolation

’ Xd) Z);

) n] @ — 44 25231 . Terry Lyons

IR ]

|x.| £f(z),1<i<d}
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EIE (Grimmett, Kesten & Zhang)
The infinite open cluster of the Bernoulli bond
percolation of Z3 is transient

FE B BT TARAE o 55 e 55 S B o =4 VR AT [A]

Scherk &2 3 Iz 1Y,
(BRI BT, T3 i W iR 1.
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g L. A sample of Voronoi tessellation. Dotted

poIms represent generating points. Polygon for eacl point is

determined by the perpendiculir bisectors between the point and jrs neighbouring points,



L. A sample of Voronot tessellation. Dotted POINES represen g

enerating points. Polygon for euch P
determined by the perpendicular bisectors between the point

and 18 neighbouring points,
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i8] A

o UNERKEGREFFIERT, XX, y € V(G), B
PLIE X x-y, M AHE ) @A) DL 25 Ry 72 &
G-G_E RN ) 1R 5] @, Polya.

o K G LBENLIEEN A AHE ) il = => e
G X G_L RIS A R v 25 ( [a] 1) X
FLR). AT HEE A FFAKEGXG.

A DLAER IR MAHIE. 405 p(x,y) = ply,x) 8L A o
HEWME, N S Wi

« 1)dEHIR ==> HMHEFRK e Tom Liggett

o 2) HIBTERIR==>% iR

« 3)HIR& fHIBA FRIX (Liggett 1974)



H TR RGN, Liggett(1974) 525 & ML /Y
L IS A2 15 00 A, R BN IR 1) 5 PR ] DL AS
FHAE ) 2 — M1 1

S EA T 205 1R 5 EQEEX I A2 ML p(x,y) 175 A2,
p(x,y) = p(y,x)
TFAEXLE S, p(Xg Xo) >0,
SHTARx €S, x # x4, p(x,x) =0.
ST FRE HI(XY)AES XS FIE I 1)
P8 AT AR & ZE B2 05 A p I 7 ST IS ERAEE (x, ),
WU TS X 28, B R ML RN

p((x,i), (v,j)) = p(x,y) if i=j, X#Xg Y# X,
P(Xo,X%o) Pi-i if x=y=x,
0 otherwise









1. f(x) = x% o < 1/5, H _EPABENLIF ) € M. (chen,

Wei & Zhang, 2008).

2. f(x) = x%, Fro < 1, WIEABEALE S0 € AH1E;
;':_T‘(X > 1, m”ﬁﬁ\gjﬁ*ﬂiﬁ?iﬁxﬁﬁéj‘ﬂ% (Barlow, Peres & Sousi,

2010).

3. #f(x) < x log x, W F_EPHANBENLITESh s € FHIE.
#f(x) > x log2x, W HAFENLITBIA— € FHIE.

— %2518 idg(n) =1V max{f(i), n<i<n}, &
> 1/g(n) = oo,
) A~ BE B L7 3 2 7€ AH 38 (Chen & chen, 2011).



Wedge.
W= {(x, X5, «eer, Xy, 2), |X| ££i(2), 1 i< d}

Terry LyonsilE BHW _L & BLFE A LI 3] A2 5 ik 12 HAL =
>0 [TTi-1? fi(n)] 1= 0.

PR S UE I IX AN 25 A B2 P 1~ BE AT L7 51 00 72 AH 3
T Wb BEIEAT



eI
PiﬁTFth—w<ﬁTku%iﬁ?”Lwﬁﬁl-”W"ﬁ?
G2 pl— S T & wﬁkm~4%%ﬁm:%
FE F I ARG SN, R I, b AT b
ML s 8 FH 8.

¢ 1E Eﬁ ﬁﬁ:‘ Barlow Eﬁ%*ﬁ’fﬁi‘f‘ (Chen & Chen 2010, Barlow, Peres & Sousi

2010).

2. BEALIASE R KT BEAILTEF 2 (RWRE), Z2 (1R 2% 120 T A BB AL AY
Aue > 1, {u,, eE€E}, iid firBarlow & Deuschel {53 |
e SRR 21 A -

llmll

° %Uﬁﬁ lHZ %T bUE ED%(Shan & Chen, 2012).
o H EPRAMSL RN B 2 AHIE.
o FHALIAEE i 28R A AL 73 AT L 2 a 8, + (1-a) 8.
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Theorem A. Let wEQ,, and {X,}, {Y,} be
independent variable speed random walks in Z2
starting from x and y respectively. Then

P, (X, =Y, forsomet>1)=1.

LemmaB. Letw€&Q, and {X}, {Y,} be
independent variable speed random walks in Z2
starting from x and y respectively. Then
P,(X,=Y,forsomet=>1)>6>0
where 0 is a constant independent of w, x and .



Define the random variable
H:=] Tto 1{xS=Yse M(Vs)} ds.

E,H= c4logT.
E H2 = (4m c,? + 2n? ¢,%/c,) log?T.
P,(H>0) = (E, H)*/E H? Cauchy-Schwarz

= (cqlog T)?/[(4m c? + 212 c3*/c,) log?T]
= (cq)?/[41 32 + 212 ¢,%/cy ).



(nm

EHE (Theorem 1.2 of Barlow & Deuschel, 2010)

Letd = 2 and 0 < 0 <1. There exist random variables {S,, x
& 79}, such that P(S (w)=n) < ¢, exp (-c, n%),

and constants c, (depending only on d and the distribution
of w.) such that the following hold.

If [x-y|?Vt2S2 then
th(xry) < C3 t-d/Z eXp(-C4|X—y|2/t) When t2 |X_y|)
q,°(x,y) < c3 exp(-c4|x-y[(1Vlog(|x-y[/t))) when t< [x-y].

Ift>(S,)?V |x-y|!*°, then
G (%,y) 2 ¢5 t42 exp(-cs|x-y | */1).



5|32 Let A (w) be the random set defined by
A (w)={x: |x] £n, S (w)<2logn}.
Then almost surely there exists a finite random variable
U(w) such that
|A (w)] 2¢c;n? foranyn2U(w),
where|A (w)|means the cardinality of set A (w).

HYT = exp (2log to/{1+ o}), H-H o2& il & B 45 H 1,
9‘{:
ty = [S(w) VS (w)]* + [U(w)+ ([x] V |y[) (1+121/c,)]°.




M5|IEBIEEIEA  Let 550 be defined as before. Fix w € Q,. By Lemma
B, there exists a function
f:V, XV, 2 [1,e0),
such that forallx,y € V,,
P oY) (X.=Y, for some 1<t < f(x,y)) > &/2.

Hx,= X, Yo=Yy and t,=0.
B X x, yiand t, i 2 1 UK.
%X, y. and t, EVZE5E X
Let X, and V¥, be two independent continuous-time random walks
starting from x, and y,. Define
Xis1:= X(f(x,,y:), Vier:= V(F(x,y))), and t, = t+(x,y).

Define £ to be the event that X,=Y, for somet €(t+1,t,,] fori>0.
MR 52 S ET I,

P (E IX, Y, t<t) =P XV)(X. =Y. for some 1<t <f(x, y.)) = 6/2.
fi 9% 25 —Borel-Cantelli| 2, P_(&. infinitely often)=1.

P, (X;=Y, infinitely often) > P_( & infinitely often)=1.



FH IS 1] el ) DL A
1 F AR B RN A0, 1)V B — A5 IREE. IRIEIG = (V, B),
B R R PIFIE S, 0Bk,

78 B Y BE 3T B O e 5, AR 4R A Bl H At aze RS g = L

W A8 LAY 10 3132 1 F2 /& coalescing random walk. 1158 p(x,y) A& AJ
BCRR IR, B a2 SR FRATT AT UAE DLt Z1) izt Fex 1 & DL B 91K
E AT, =L AR 3 AR e 1T Rl ECBE

MR TAIERE L, £ N0 ENL, NS HELZHh. 85
Z, BRI A 8 A8 A AT 43 A,

A HAN AN oA 2 X5 feadk IR dnfn] 2 e e B 4T e 58 5 E
G, RN T xHiE B Lhp(x, y)El%%i*%ﬂﬁﬁ‘_ﬁEyH’JiA,
2 PN RAZ 1Y 5 RBE 0 AR IS, T A e I B L 6 e
Gi—. BVRAS /A — 1 fea 6, + (1-a) 6, .
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1. Voronoi tessellation
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fig. L. A sample of Voronoi tessellation. Dotted POInts represen

determined by the perpendicul

ir bisectors hetween the point and its neighbouring points.

generating pointx. Polygon for each poir
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