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1. 5.Ii62D3�C�,*25bD6R&} 0.2. ℄��*BR2DBR*��;bD(
6<&5 0.18 n 0.22 =w6R&//j7/ 0.95?P$,:mK�?� Φ(1.28) = 08997, Φ(1.29) = 0.9015, Φ(1.64) = 0.94950, Φ(1.65) = 0.95053,

Φ(1.96) = 0.97500, Φ(2.0) = 0.97725.|�S p̂ = X/n,>C X ∼ B(n, 0.2),  E P (0.18 < p̂ < 0.22) ≥ 0.95. o P (|p̂− 0.2| < 0.02) ≥ 0.95,7v/
P

(

| X − 0.2n√
n
√

0.2 · 0.8
| <

0.02
√

n

0.4

)

≥ 0.95-C�m�<�� Φ(0.02
√

n
0.4 ) −Φ(−0.02

√
n

0.4 ) ≥ 0.95 -:mK�6A&�� Φ(0.02
√

n
0.4 ) ≥ 0.975 �#�5 √

n/20 ≥ 1.96. .� =1537.G�.�t�6.�} 1536 ��� 2 K��{t�-9))E\?rf6�~��
2. S X [���JOhk���;1 EX =

∫∞
0 (1 − F (s))ds. >C F (x) } X 6K�℄�|�A/JOlK��*lK6d��&Q��

EX =

∫ ∞

0
xp(x)dx =

∫ ∞

0
(

∫ x

0
dy)p(x)dx =

∫ ∞

0

∫ ∞

y
p(x)dxdy =

∫ ∞

0
P (X ≥ x)dy =

∫ ∞

0
(1−F (y))dy."|�,K�lKWY�

∫ ∞

0
(1 − F (x))dx = lim

A→∞

∫ A

0
(1 − F (x))dx = lim

A→∞

(

x(1 − F (x))|A0 −
∫ A

0
x(1 − F (x))′dx

)

= lim
A→∞

(

A(1 − F (A)) +

∫ A

0
xp(x))dx

)

≥ lim inf
A→∞

∫ A

0
xp(x))dx.>C p(x) = F ′(x) } X 6.?℄�N EX =

∫∞
0 xp(x))dx = ∞, 6 ∫∞

0 (1−F (x))dx !EP�G=�2 EX =
∫∞
0 xp(x))dx < ∞, 6 limA→∞

∫∞
A xp(x))dx = 0. X

0 ≤ A(1 − F (A)) = A

∫ ∞

A
p(x)dx ≤

∫ ∞

A
xp(x)dx → 0 asA → ∞.

∫ ∞

0
(1 − F (x))dx = lim

A→∞
A(1 − F (A)) + lim

A→∞

∫ A

0
xp(x))dx =

∫ ∞

0
xp(x))dx.G 1: /�Kt�,6[#DHF�M\'V4� ;1 limA→∞ A(1 − F (A)) = 0 C+.;A��5 5 K�M\+.'V4�65 2 K�M\(
 ∞−∞ 8�68p-��65 0 K�G 2: 8[z�Tb9 170 "�p 18 6��Æ��
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3. uShk��� {ξn}$K�_�/ ξ. N ξ }$ C, ;1hk��� {ξn} $R&_�/ C. N ξ �[$�C��e1{(#�'��;1�K (5 K)

P (|ξn − ξ| > ǫ) = P (ξn > C + ǫ) + P (ξn < C − ǫ) ≤ 1 − Fn(C + ǫ) + Fn(C − ǫ).>C Fn } ξn 6K�℄�-uS� C + ǫ _ C − ǫ =[ ξ 6K�℄ F 6��;�
Fn(C + ǫ) → F (C + ǫ) = 1, Fn(C − ǫ) → F (C − ǫ) = 0.))

0 ≤ P (|ξn − ξ| > ǫ) ≤ 1 − Fn(C + ǫ) + Fn(C − ǫ) → 1 − 1 + 0 = 0.���K (5 K): 
%<(5t#R&Æw6#I>�tK�hk�� {Y,Xn, n ≥ 1}, M+
N(0, 1), k-K��t�i& {Xn, n ≥ 1} $K�_�/ Y . 1 P (|Xn − Y | ≥ 1) ≥ P (Xn ≥
0.5)P (Y ≤ −0.5) = [1 − Φ(0.5)]2 > 0. e1 {Xn, n ≥ 1} �$R&_�/ Y .

4. S G1 0 G2 }5�Thk��66℄� 0 ≤ α ≤ 1. ;1 G1G2 _ αG1 + (1 − α)G2 �[6℄�|�Shk�� X,Y 66℄K�} G10 G2,4Shk�� ηM+ BernoulliK��P (η = 1) =

α, P (η = 0) = 1−α. �#�S X,Y, η �d>��6 X+Y 66℄ EzX+Y = EzXEZY = G1 ·G2;

ηX + (1 − η)Y 66℄ EzηX+(1−η)Y = P (η = 1)EzX + P (η = 0)EzY = αG1 + (1 − α)G2.|FD�S G1(z) =
∑∞

k=0 akz
k, G2(z) =

∑∞
k=0 bkz

k, >C {ak} _ {bk} [� R&K� �o
ak ≥ 0, bk ≥ 0,

∑∞
k=0 ak =

∑∞
k=0 bk = 1. 6

G1(z)G2(z) = (
∞
∑

k=0

akz
k)(

∞
∑

k=0

bkz
k) =

∞
∑

k=0

(
k
∑

l=0

albk−l)z
k =

∞
∑

k=0

ckz
k

αG1(z) + (1 − α)G2(z) =
∞
∑

k=0

(αak + (1 − α)bk)z
k =

∞
∑

k=0

dkz
k.>C ck =

∑k
l=0 albk−l, dk = αak + (1 − α)bk. 6 {ck} _ {dk} [R&K� �Fhk�� U, V W5 P (U = k) = ck, P (V = k) = dk. hk�� U, V 66℄K�[ G1G2 _ αG1 + (1 − α)G2 �G�1pg.9O�K��; G(αs)/G(α) [6℄�

5. Shk�� Yn M+q`K��! p = λ/n. ;1 Yn/n $K�_�/ Z, >C Z M+�K��
2



;1�>z
<(�;
P (

Yn

n
≤ y) = P (Yn ≤ ny) =

ny
∑

k=1

λ

n
(1 − λ

n
)k−1 =

λ

n

1 − (1 − λ
n)ny

1 − (1 − λ
n)

= 1 − (1 − λ

n
)ny → 1 − e−λy =

∫ y

0
λe−λsds = P (Z ≤ y).>C Z M+!} λ 6�K��;FD�	rf Yn 6n9℄�

fn(t) = EeitYn =
∞
∑

k=1

λ

n
(1 − λ

n
)k−1eitk =

λ
neit

1 − (1 − λ
n)eit

Yn/n 6n9℄}
λ
neit/n

1 − (1 − λ
n)eit/n

=
λ
neit/n

1 − (1 − λ
n)(1 + it

n + o( 1
n)

=
λ
neit/n

λ
n − it

n + o( 1
n)

=
λeit/n

λ − it + o(1)
.2 n → ∞, QY_�/

λ

λ − it
=

∫ ∞

0
eitxλe−λxdx = EeitZ .V����<�� Yn/n $K�_�/ Z, >C Z M+!} λ 6�K��G�.�t�A��

lim
n

λ
neit/n

1 − (1 − λ
n)eit/n

=
λ

λ − it
.8.�D�9�j�j / l[r �&Q6x3�5f����GK�!�9j / lK�(��V�p76 E,6.��t�-.� B�q�f�/5���"�`};1	�[�

A = B 8�#�ft%} A = C = D = · · · = E = B. >C,#T7^=[�-%�7�6#Æ��WK`#~�.t���6J=9za�
6. S X1,X2, · · · ,Xn }# �d>�hk��� Xi M+ N(µi, 1). # Y = X2

1 + X2
2 + · · ·X2

n. ℄; Y 6n9℄
fY (t) =

1

(1 − 2it)n/2
exp(

itθ

1 − 2it
).>C θ = µ2

1 + µ2
2 + · · · + µ2

n.|�A ;1 X2
i 6n9℄

fX2
i
(t) =

1

(1 − 2it)1/2
exp(

itµ2
i

1 − 2it
).4�,>��o�54iE.� (o4>���5 2 K). 
�rf X2

1 6n9℄�>jt��5�
fX2

1
(t) = EeitX2

1 =

∫

eitx2 1√
2π

e−
(x−µ1)2

2 dx =
1√
2π

∫

eM(x)dx.
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>C
M(x) = itx2 − (x − µ1)

2

2
= −x2

2
(1 − 2it) + µ1x − µ2

1

2
= −(1 − 2it)

2
(x − µ1

1 − 2it
)2 +

iµ2
1t

1 − 2it
.

fX2
1
(t) =

1√
2π

∫

e−
(1−2it)

2
(x− µ1

1−2it
)2+

iµ2
1

t

1−2it dx =
1√
2π

e
iµ2

1
t

1−2it

∫

e−
(1−2it)

2
y2

dy =
1

(1 − 2it)1/2
exp(

itµ2
1

1 − 2it
).G�.�t�	f X2

i 6.?℄�8[�� �oWJ.�:I�! � 2 K�
7. F n T>�hk���M+ [0, 1] Q�3K��S X(1),X(2), · · · ,X(n) }>d�ur�� ℄E Cov(X(1),X(n))|� P (X(n) ≤ x) = xn. X(n) 6.?℄} p(x) = nxn−1, 0 ≤ x ≤ 1, EX(n) =

∫

xp(x)dx =
∫ 1
0 nxndx = n/(n + 1). t�� EX(1) = 1/(n + 1). (B)�5 2 K�) X(1),X(n) 6�a.?℄}

n(n − 1)(y − x)n−2, 0 ≤ x < y ≤ 1,(B)�5 5 K�)
EX(1)X(n) =

∫ 1

0

∫ y

0
xyn(n − 1)(y − x)n−2dxdy = n(n − 1)

∫ 1

0
y

(
∫ y

0
x(y − x)n−2dx

)

dy

= n(n − 1)

∫ 1

0
yn+1

(
∫ 1

0
u(1 − u)n−2du

)

dy = n(n − 1)

(
∫ 1

0
yn+1dy

)(
∫ 1

0
u(1 − u)n−2du

)8�K���qh u = x/y �K����J#'� Beta− lK�
= n(n − 1)

1

n + 2
B(2, n − 1) = n(n − 1)

1

n + 2

Γ(2)Γ(n − 1)

Γ(n + 1)
=

n(n − 1)

n + 2
· 1 · Γ(n − 1)

n(n − 1)Γ(n − 1)
=

1

n + 2
.

Cov(X(1),X(n)) =
1

n + 2
− 1

(n + 1)

n

(n + 1)
=

1

(n + 1)2(n + 2)
.G 1: !.t�,X(1) ,X(2), · · · ,X(n−1),X(n)6�a.?℄ n!1{0<x1<x2<···<xn}>zrfEX(1)X(n)M�

EX(1)X(n) =

∫ ∫

· · ·
∫

x1xn n! 1{0<x1<x2<···<xn}dx1 · · · dxn

= n!

∫ 1

0

∫ xn

0
· · ·
∫ x2

0
x1xndx1 · · · dxn = n!

∫ 1

0

∫ xn

0
· · ·
∫ x3

0

1

2
x2

2xndx2 · · · dxn

= n!

∫ 1

0

∫ xn

0
· · ·
∫ x4

0

1

3!
x3

3xndx3 · · · dxn = · · · = n!

∫ 1

0

1

n!
xn

nxndxn =
1

n + 2
."#D|F� #;R&>Z�5U< X(n) = y 6sy�� X(1) [M+ [0, y] Q�3K�6

n − 1 T>�hk��69#Td�ur��)) E(X(1)|X(n) = y) = y/n.

EX(1)X(n) = E
(

E(X(1)|X(n))X(n)

)

= EX2
(n)

1

n
=

1

n + 2
.G 2: 1p}�;1 Cov(X(r),X(s)) = r(n−s+1)

(n+1)2(n+2) .

8. EN;v#*+��uS,*℄�[�d>�6�(
:06R&} p. # Tn [`*(
�� n *:06U�o+ Tn − n + 1 *℄�	X��� n *=54:0�C5)=���5
4



4:06*�R/ n *�℄; Tn 66℄ Gn(s) = (1 − ps)pnsn/(1 − s + qpnsn+1).

(oZ�	;1 Gn = psGn−1/(1 − qsGn−1).)|�N Tk =69#*℄�(
:0�6 Tk+1 = Tk + 1, 8�6�9�} p; N Tk =69#*℄�(
G0�6&�6i.s$=�F/ Tk+1 6(
�#A+w4��S Tk,1, Tk,2, · · · }# >�tK�hk��� �0 Tk tK��6-�06K��5
P (Tk+1 = Tk,1 + 1) = p;

P (Tk+1 = Tk,1 + Tk,2 + 2) = (1 − p)p;

P (Tk+1 = Tk,1 + Tk,2 + · · ·Tk,l + l) = (1 − p)(l−1)p;/[ EsTk+1 =
∑∞

l=1(1 − p)(l−1)psl(EsTk)l, o Gn = psGn−1/(1 − qsGn−1).�&Q} 5 K�&�![ 5 K��},[8F;1
Gn(s) =

(1 − ps)pnsn

1 − s + qpnsn+1
.

G1 =
∞
∑

l=1

(1 − p)(l−1)psl =
ps

1 − qs
=

(1 − ps)ps

(1 − ps)(1 − qs)
=

(1 − ps)ps

1 − s + qps2
.i&7YA/ n = 1 U'��uS7YA/ n = k U'��6

Gk+1(s) =
psGk(s)

1 − qsGk(s)
=

ps (1−ps)pksk

1−s+qpksk+1

1 − qs (1−ps)pksk

1−s+qpksk+1

=
ps(1 − ps)pksk

1 − s + qpksk+1 − qs(1 − ps)pksk
=

(1 − ps)pk+1sk+1

1 − s + qpk+1sk+2
.7YA/ n = k + 1 !'��-[8F�7YA/i. n ='��!.t�54M�:xWY

1

Gn
=

1

ps

1

Gn−1
− q

p
.

1

Gn
− qs

1 − ps
=

1

ps

(

1

Gn−1
− qs

1 − ps

)

=
1

(ps)n−1

(

1

G1
− qs

1 − ps

)

.

1

Gn
=

qs

1 − ps
+

1

(ps)n−1

(

1 − qs

ps
− qs

1 − ps

)

=
qs(ps)n + (1 − qs)(1 − ps) − qs(ps)

(1 − ps)(ps)n
=

qpnsn+1 + 1 − s

(1 − ps)(ps)n
./[

Gn(s) =
(1 − ps)(ps)n

1 − s + qpnsn+1
.

9. uShk�� U, Y,Z �d>�� U M+ [0, 1] Q6�3K�� X = U(Y + Z). ℄� X,Y,Z[L�9�.�t6K�	M\[�C���M\�[�C;1� (yeB� X=Y=Z =0 �f�)
5



|�s f(t) } r.v.X 6 ch.f. 6 f(t) = EeitX = EeitU(Y +Z) =
∫ 1
0 f2(tu)du = 1

t

∫ t
0 f2(s)ds. >C

s = tu [K����h�/[
tf(t) =

∫ t

0
f2(s)ds.��Y/ t E3�5

f(t) + tf ′(t) = f2(t).

1

f(t)
− t(

1

f(t)
)′ = 1.# h(t) = 1 − 1/f(t), 6 h(t) = th′(t). |5 t/h(t) = C. o f(t) = C/(C − t). F C = −iλ. 6

f(t) = λ/(λ − it) }�K�6n9℄�"|�S EX = EY = EZ = λ, 6 EX2 = E(Y + Z)2U2 = (1/3)(EY 2 + EZ2 + 2EY EZ). �,
EX2 = EY 2 = EZ2, �5 EX2 = 2λ2. �#�S EXk = k!λk A/ k ≤ n �'��6

EXn+1 = EUn+1E
n+1
∑

k=0

Ck
n+1Y

kZn+1−k =
1

n + 2

n+1
∑

k=0

Ck
n+1EY kEZn+1−k

=
1

n + 2

(

EY n+1 + EZn+1 +
n
∑

k=1

Ck
n+1EY kEZn+1−k

),[8uS
nEXn+1 =

n
∑

k=1

Ck
n+1EY kEZn+1−k =

n
∑

k=1

(n + 1)!

k!(n + 1 − k)!
k!λk(n + 1 − k)!λn+1−k

=
n
∑

k=1

(n + 1)!λn+1 = n(n + 1)!λn+1.-);1 EXk = k!λk A/#A k ='��
EeitX =

∑

k=0

(it)k

k!
EXk =

∑

k=0

(it)k

k!
k!λk =

1

1 − itλ
.C8[�K�6n9℄�-n9℄6|#��5< X M+�K�� (.#~t�V� EX2 = 2(EX)2 �/0�� X M+�K��g��.H.!?��U� 8 K��

10. S X M+ Γ K��!} (1, s). U< X = x, hk�� Y M+& x }!6 Poisson K��℄E Y 6n9℄��;12 s → ∞ U� (Y − EY )/
√

V ar(Y ) $K�_�/ Z, >C
Z ∼ N(0, 1). (G�!} (1, s) 6 Γ K�6.?℄} p(x) = xs−1e−x/Γ(s), x ≥ 0.)|�

E(eitY |X = x) =
∑

eitn xn

x!
e−x = exeit

e−x.

EeitY =

∫ ∞

0
exeit

e−x xs−1

Γ(s)
e−xdx =

1

(2 − eit)s
.

6



EY =

∫

x
xs−1

Γ(s)
e−xdx =

Γ(s + 1)

Γ(s)
= s

EY 2 =

∫

(x2 + x)
xs−1

Γ(s)
e−xdx =

Γ(s + 2) + Γ(s + 1)

Γ(s)
= (s + 1)s + s = s2 + 2s.

V ar(Y ) = 2s.

(Y − EY )/
√

V ar(Y ) = (Y − s)/
√

2s 6n9℄} e−it
√

s/2(2 − eit/
√

2s)−s. >�}
−it

√

s

2
− s log(2 − eit/

√
2s) = −it

√

s

2
+ s(−1 + eit/

√
2s) + s

1

2
(−1 + eit/

√
2s)2 · · ·C

−1 + eit/
√

2s =
it√
2s

− 1

2

t2

2s
+ o(

1

s
).X���#�ex}

−it

√

s

2
+ s

it√
2s

− s
t2

4s
+ s o(

1

s
) +

s

2

(

− t2

2s
+ o(

1

s
)

)

= − t2

2
+ o(1) → − t2

2
.o�2 s → ∞ U� (Y − EY )/

√

V ar(Y ) 6n9℄_�/�H:mK�6n9℄�X (Y −
EY )/

√

V ar(Y ) $K�_�/ Z, >C Z ∼ N(0, 1).
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