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æ­�´ÚOÔn¥^5£ã,«A½y��â�.

3A½§ÝØå^�e, (¬L§I���é���m, ��¤
¢critical droplet�Ñy. 3critical dropletÑy�c, ��XÚw
þ���´��; 
3critical dropletÑy��, ¬Né¯/¤.

l³U�Ý5w, XÚ3³UÛÜ4�?Ê3��Ø(½��m,
,�ÏLcritical dropleté¯w�³U�$:.
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æ­�´�>uìÃ{3,�5½�mãS�����(@�G
�"���>uì?\æ­�Ú�§QÃ{ýÿTü��ÑÑ>
²§�Ã{ýÿÛ�ÑÑâU­½3,��(�>²þ"3ù�
­½Ïm§>uìÑÑ�
¥m?>²§½ö�U?u��G
�§¿�ù«Ã^�ÑÑ>²�±÷&ÒÏ�þ���>uì?
éªDÂe�"
zÝz�(http://baike.baidu.com/view/931945.htm)

/æ­�0´U©Æ;k¶c"
pÄz�(http://www.hudong.com/wiki/æ­�)
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3��äkN�U?�XÚ¥§É-�fÏLguË�½ÃË�
�[£��$�É-�½Ä�§�f3É-�k�²þ�Ï3�
m§���10B¦ù�êþ?(10�-9g�)"��k�
U?�
$�É-�§�fÏ3��m'��§��Î¦êþ
?(10�-3g�,��10�5g�)§ù«G�¡�æ­�

Û,z�(http://www.qiji.cn/baike/Detailed/19522.html)
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3²;Vg¥§æ­��Au��ÛÜ�gdU4��§§�ª
¬ÏL��¹zL§µþ�­½�²ï�§���Nþ�gdU
4��"ù�L§ØÓu�­��Ã ^µþ§�ö´gu?1
�"����æ­�§§�Æ·A�uÿþ��mºÝ"ù3¢
Sþ�ûu¢���Úÿþö�F5"3æ­��²;Vg¥b
�NXÑ´v
��§ÏdØL�Ä�º�½Ù§ÄåÆ�Aé
NX�K�"��5`§��©f�'§p©f?\æ­��N
´�õ"äkõ­�(��g�àÜÔNX�Ï���º�!|
¤!	|½Ù§Ï�
¥yæ­�"�©òX­uæ­��Vg
Úäkü�kS(��àÜÔ�=CL§¥æ­�*ÿ§....
æ­���º�éÜ©(¬àÜÔ(��/��K�, 5p©f
Ï�61999c03Ï
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�®ISêÆïÄ¥%: Nucleation and Rare Events, 26 - 28 Sep
2011
This workshop will focus on recent developments in mathematical
theory and computational methods in nucleation and rare events
with applications in materials science, biophysics and chemistry as
well as complex fluids. Participants are a combination of pure and
applied mathematicians and theoretical and computational
material scientists, biophysicists and/or chemists.

Phase transitions are common occurrences observed in nature and many

engineering techniques exploit certain types of phase transition. A phase

transition is the transformation of a thermodynamic system from one

phase or state of matter to another. Phase transitions often (but not

always) take place between phases with different symmetry.
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Generally, we may speak of one phase in a phase transition as being more
symmetrical than the other. The transition from the more symmetrical
phase to the less symmetrical one is a symmetry-breaking process. When
symmetry is broken, one needs to introduce one or more extra variables
(order parameter) to describe the state of the system. The order
parameter may take the form of a complex number, a vector, or even a
tensor, the magnitude of which goes to zero at the phase transition. The
study in phase transitions involves a combination of modeling,
simulation, mathematical analysis and physical predictions.

Phase transition has now become an important field in the

interdisciplinary researches. This approach has been widely applied in the

research of applied mathematics, physics, chemistry, biology, and material

science. The purpose of the program is to bring together people from

these different disciplines, to contribute their recent researches, exchange

the ideas and discuss further topics.
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ICM speakers
1998 R. Schonmann, Metastability and the Ising model.

2002 G Ben Arous, Aging and Spin-glass Dynamics

2006 A. Bovior, Metastability: a potential theoretic approach

(54) R.H.Schonmann, S.B.Shlosman: Wulff droplets and the
metastable relaxation of kinetic Ising models. Communications in
Mathematical Physics 194 389-462 (1998).
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[4] The metastable behavior of the two dimensional Ising model, (with
M.P. Qian and J.F. Feng), Proceedings of the International Conference
on Dirichlet Forms and Stochastic Processes, 1995, Editors, Z.M. Ma,
M.Rockner, & J.A. Yan, W de Gruyter, New York, 73-86.
[5] The metastability of exponentially perturbed Markov chains, (with
M.P. Qian and J.F. Feng) Science in China, Series A, Vol.39 (1996), 7-28.
[7] The consensus times of the majority vote process on a torus, J. Stat.
Physics, Vol.86, No.3/4, (1997), 779-802.
[8] The metastable behavior of the three dimensional Ising model, I (with
M.P. Qian and J.F. Feng) Science in China, Series A, Vol.40,
No.8,(1997) 832-842.
[9] The metastable behavior of the three dimensional Ising model, II,
(with M.P. Qian and J.F. Feng) Science in China, Series A, vol.40,
No.11,(1997) 1129-1135.
[10] The loop erased exit path and the metastability of the biased
majority vote process, (with O. Catoni and J. Xie), Stochastic Processes
and Their Applications, Vol.86, No.2, (2000) pp231-261.
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�¡Λ = {1, 2 · · · ,N} × {1, 2 · · · ,N}, ��±´Ù¦k�ã.
G��mS = {−1,+1}Λ.
η = {η(x), x ∈ S} ∈ S¡�|�, |�ηäk³UHamiltonþ

H(η) = −
∑
x∼y

η(x)η(y)− h
∑
x∈S

η(x).

ÓÒ³U$. XJ			^̂̂|||rrrÝÝÝh > 0
�'��, +1³U�$,
−1Ùg.
V (η) = e−βH(η), Ù¥β�§§§ÝÝÝ���êêê, ²L8�z, ÙVÇÿÝ¡
�GibbsÿÝ.
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±GibbsÿÝ�ØC©Ù�ê¼L§Ú¡��Å�"�..
�~��´¤¢Glauber/ª(Glauber Dynamics).
ξ −→ ξx�=£�Ç�

e−β[H(ξx )−H(ξ)].

½ölÑ�m

p(ξ, ξx) =
1

N2

e−β[H(ξx )−H(ξ)]

1 + e−β[H(ξx )−H(ξ)]
.
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Theorem

�σ(ξ) = inf{n,Xn = ξ}, 1/h << N. -L = [2/h] + 1

lim
β→∞

log E−1σ(+1)

β
= 4L− h(L2 − L + 1) = Γ2; (1)

lim
β→∞

log E+1σ(−1)

β
= Γ2 + hN2. (2)

lim
β→∞

P−1(| log σ(+1)

β
− Γ2| < ε) = 1; (3)

lim
β→∞

P+1(| log σ(−1)

β
− Γ2 − hN2| < ε) = 1. (4)
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XJlimβ→∞ Pξ(σ(−1) < σ(+1)) = 1, K¡ξ�g�.
�(subcritical), XJ4��0K¡ξ���.�(supercritical).

XÛ�ä? ξ �{x ∈ Λ; ξ(x) = 1}��éA, ½Â

R = {ξ, ξd©l�Ý/|¤}.

éuξ ∈ R½Â

L(ξ) =

{
L2 if ξ contains a rectangle k × N, k ≥ 2;

max{l1 ∧ l2, l1 × l2 is a rectangle of ξ}.
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Theorem

b½ξ ∈ R, ξ 6= +1,−1, ε > 0.

(1) If L(ξ) < L2, then ξ is subcritical, and

lim
β→∞

log Eξσ(−1)

β
= (L(ξ)− 1)h;

lim
β→∞

Pξ(| log σ(−1)

β
− (L(ξ)− 1)h| < ε) = 1.

(2) If L(ξ) > L2, then ξ is supercritical, and

lim
β→∞

log Eξσ(+1)

β
= 2− h.

lim
β→∞

Pξ(| log σ(+1)

β
− (2− h)| < ε) = 1;
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Ð�ξ ∈ R, ¤¢�shrink and growth.
ξ −→ ξ(−), ��Ý/��, á>ìg�~, áuL2�>Ñò��;

lim
β→∞

Pξ(| log σ(ξ(−))

β
− (l(ξ)− 1)h| < ε) = 1.

l(ξ) =

{
1 if ξ contains no subcritical rectangle;

max{l1 ∧ l2, l1 × l2 is a subcritical rectangle of ξ}.

ξ(−) −→ +1, ,�2�¤(�)Ý/,
(1) eξ(−) 6= −1, �Ý/C¤��Ý/

lim
β→∞

Pξ(−)(|
log σ(+1)

β
− (2− h)| < ε) = 1.

(2) eξ(−) = −1, ¯K8(�XÛl−1üz�+1

lim
β→∞

Pξ(−)(|
log σ(+1)

β
− Γ2| < ε) = 1.
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l�~C�O�,¥mk�©Y*,
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XJ´��Ð�ξ /∈ R, �
Ø5K�+1©|k1*Ð, C¤5K
�Ý/(R), ±��üzXc¤ã.
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Ä�b�: k�G��mSþ�xê¼ó, =£VÇPβ÷v

(1) lim
β→∞

pβ(ξ, η) = p∞(ξ, η);

(2) lim
β→∞

− log pβ(ξ, η)

β
�3¿P�C (ξ, η)

(3)C (ξ, η) > 0 if p∞(ξ, η) = 0.

P∞´���, A1, A2, · · · ,An´Ù~�a, ¡�áááÚÚÚfff, 2½Â

Bi = {ξ; P∞ξ (σ(Ai ) <∞) > 0},

¡��A�áááÚÚÚ���, Ù¥σ(K ) = inf{n,Xn ∈ K}.

��� �Å�"�.�æ­�5



í2

-τ(K ) = inf{n,Xn /∈ K}.

Theorem

b�Ð�ξ ∈ Ai ⊂ Bi . K

lim
β→∞

1

β
log Eβ

ξ τ(Bi ) = T (Bi );

lim
β→∞

−1

β
logPβ

ξ (Xτ(Bi ) = η) = −T (Bi ) + Tξη(Bi );

lim
β→∞

Pβ
ξ (Xτ(Bi ) ∈ {η /∈ Bi , Tξη(Bi ) = T (Bi )}) = 1.

T (Bi ) = min{
∑l

k=0 C (ξkξk+1), ξ0, ξ1, · · · , ξllAi�Bc
i }.

Ù¥ξ0, ξ1, · · · , ξl−1 ∈ Bi , ξl /∈ Bi

Tξη(Bi ) = min{
∑l

k=0 C (ξkξk+1), ξ0, ξ1, · · · , ξllAi�Bc
i }

Ù¥ξ0 = ξ, ξl = η.
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Theorem

b�Ð�ξ ∈ Bi \ ∪j 6=iBj . �δ > 0, K

τ(Bi )/E
β
ξ τ(Bi )Âñu�ê©Ù, ëê�1.

lim
β→∞

Pβ
ξ (e(T (Bi )−δ)β < τ(Bi ) < e(T (Bi )+δ)β) = 1.
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©�(�, Å?½Âp�áÚfÚp�áÚ�.

3Ü·��mºÝ§·�w�ê¼ó3áÚfA1,A2, · · · ,An�
m=£, �â§�*dm����m�á�±?�Úy©�da,
¤�p�?�áÚf, 2½Âp�?�áÚ�.
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�_5Bu³UO�,��@nØ¿ØI��_5,
majority-voter model on a torus

p(ξ, ξx) =

{
1− δ if ξ(x) disagrees with majority of its neigbors

δ if ξ(x) agrees with majority of its neigbors

�ê��,�±O�, ��±�é¡.
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