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Sn(ω) = S0(ω) + ξ1(ω) + ξ2(ω) + · · · + ξn(ω).u"#$%LM {Sn, n = 0, 1, 2, · · · , } . ��ÚÛ. &' S0
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ξ1, ξ2, ξ3, · · · åæHI
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S0 = 0.
v¦

P (ξn = 1) = P (ξn = −1) = 1/2,

ìu {Sn} . íî��ÚÛ.
v¦

P (ξn = 1) + P (ξn = −1) = 1,

ìu {Sn} . ïð��ÚÛ.ñÃÊß"#à�q�6 ξ1, ξ2, ξ3, · · · , ξn
 ò[1Cóôõ3 2n [6�[1Cn³�å� Rq"#ö% (S1, S2, · · · , Sn)
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(ξ1, ξ2, ξ3, · · · , ξn)
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S0 = 0, þ n + k .ÿ)6ì
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P (Sn = k) = 0; þ n + k .�)6ì P (Sn = k) = C
n+k
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1
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Sterling ��12���s¢
un = P (S2n = 0) = Cn

2n

1

22n
≈ 1/

√
πn. (1)

�
1. ����.

Â	f
4,

P (S2l = 0, S2l+1 6= 0, · · · , S2n 6= 0)

= P (S2l = 0)P0(S
′
1 6= 0, S ′

2 6= 0, · · · , S ′
2n−2l−1 6= 0, S ′

2n−2l 6= 0)

= ulun−l ≈
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π
√

l
√

n − l
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P (S2l 6= 0, δn < l ≤ n) ≈
δn
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l=1
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π
√
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√
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S0 = 0, n + m .�)6ó Ak = {Sk =
m, S1 < m, S2 < m, · · · , Sk−1 < m}. ì

P (Sn = m, S1 < m, S2 < m, · · · , Sn−1 < m)

= P (ξn = 1, Sn−1 = m − 1, S1 ≤ m − 1, S2 ≤ m − 1, · · · , Sn−2 ≤ m − 1)

=
1
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P (Sn−1 = m − 1, S1 ≤ m − 1, S2 ≤ m − 1, · · · , Sn−2 ≤ m − 1)

=
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[P (Sn−1 = m − 1) − P (Sn−1 = m − 1, Sk = m for some k ≤ n − 2)]

=
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[P (Sn−1 = m − 1) − P (Sn−1 = m − 1,∪n−2

k=mAk)]

=
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[P (Sn−1 = m − 1) −
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∑
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P (Sn−1 = m − 1, Ak)]
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[P (Sn−1 = m − 1) −
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∑

k=m

P (Sn−1 = m + 1, Ak)]

=
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2
[P (Sn−1 = m − 1) − P (Sn−1 = m + 1,∪n−2

k=mAk)]
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=
1

2
[P (Sn−1 = m − 1) − P (Sn−1 = m + 1, Sk = m for some k ≤ n − 2)]

=
1
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[P (Sn−1 = m − 1) − P (Sn−1 = m + 1)]

=
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ξ1, ξ2, · · · ξk, ξk+1 · · · ξn−1
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ξ1, ξ2, · · · ξk,−ξk+1 · · · − ξn−1
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P (Sn−1 = m − 1, Ak) = P (Sn−1 = m + 1, Ak).
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τm(ω) = min{n, Sn(ω) = m};
/0 {ω; Sn(ω) = m, S1(ω) < m, S2(ω) < m, · · · , Sn−1(ω) < m} 12JK.
{ω; τm(ω) = n}. �LTU12óM©5ý A

 ��"#à� NOA
τA(ω) = min{n, Sn(ω) ∈ A}.

þ5ý A .ß�5 {m}, ì τ{m}
ÊK. τm.PQ
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P0(ω, τ1(ω) < ∞) = 1, E0τ1 = ∞.

&'ËR 0
�.DST S0 = 0.

p. P0(τ1(ω) = 2k) = 0, P0(τ1(ω) = 2k − 1)
d
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ξ1, η1, ξ2, η2, ξ3, η3, · · · , ξn, ηn, · · · HI�JK6
P (ξ1 = 1) = P (ξ1 = −1) = 1/2,

Xn = 2 + ξ1 + ξ2 + ξ3 + · · ·+ ξn, Yn = η1 + η2 · · · ηn.

u
τ = min{n, Xn = Yn} .¼O"#à� åbARþó ζk = (ξk − ηk)/2,

ì
P (ζ1 = 1) = P (ζ1 = −1) = 1/4, P (ζ1 = 0) = 1/2;
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Zn = (Xn − Yn)/2 = 1 + ζ1 + ζ2 · · · ζn.
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τN = min{n, Xn = max
1≤k≤N

Y (k)
n }.

{�uv|:C|\}xrs6.
τN+1 ≤ τN .
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N �s EτN < ∞.
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4. ����`a ëâZ��yzA3�� m �6�������6�� #�ò�Rì1j"#à� Yn = m + ξ1 + ξ2 + ξ3 + · · ·+ ξn = m + Sn
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τ0(ω) = min{n, Yn(ω) ≤ 0}.
TU\� �����6�

n
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P (Yn = 0, Y1 > 0, Y2 > 0, · · · , Yn−1 > 0)

= P (Sn = −m, S1 > −m, S2 > −m, · · · , Sn−1 > −m)

= P (Sn = m, S1 < m, S2 < m, · · · , Sn−1 < m).
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 Ad. τA(ω) = min{n, Sn(ω) ∈ A}, &'A = (−∞, 0]∪ [M,∞).

ì
E0τ = EMτ

= 0,

Emτ = 1 +
1

2
Em+1τ +

1

2
Em−1, 1 ≤ x ≤ M − 1.

,s Emτ = m(M−m).
�^«(12XéPm(Sτ = M) = 1−Pm(Sτ = 0) = m/M .@O»Eáé��B�«4�¬Ë­6qcå
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τ(ω) = n
�Iä´ÇóµÃ

S0(ω),
ξ1(ω), ξ2(ω), · · · , ξn(ω),

ø�Y6/0 {τ ≤ n} ��ä´ÇóµÃ S0, ξ1, ξ2, · · · , ξn.

Wald ¶·:
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EτA < ∞, S0 = 0, E|ξ| < ∞,
ì

ESτ = EτEξ.
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Xé½����6/0 {τ ≥ n} � {τ ≤ n − 1}  ¸56qÉ¹��ä´ÇóµÃ
S0, ξ1, ξ2, · · · , ξn−1,

ä
ξn åæHIR

ESτ = E
τ

∑

k=1

ξk = E
∞

∑

k=1

ξk1{τ≥k}

=
∞

∑

k=1

EξkE1{τ≥k}

= Eξ

∞
∑

k=1

P (τ ≥ k) = EξEτ.

Wald º»¶·:
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EτA < ∞, S0 = 0, Eξ = 0, Eξ2 < ∞,
ì

ES2
τ = EτEξ2.
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N' {−m, M − m}  A�Rã τ = min{n; Sn = −m
§

M − m}. �� Wald �'
0 = ESτ = −mP (Sτ = −m) + (M − m)P (Sτ = M − m).

¿p. P (Sτ = −m) + P (Sτ = M − m) = 1(
	f

5), 1,s
P0(Sτ = M − m) = 1 − P0(Sτ = −m) = m/M ;

Àij
Wald ÁÂ�'2Ã Eξ2 = 1,

Eτ = ES2
τ = m2P (Sτ = −m) + (M − m)2P (Sτ = M − m) = m(M − m).

Â4Ä¢
Pm(Sτ = M) = 1 − P (Sτ = 0) = m/M , Emτ = m(M − m).
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â {ei, 1 ≤ i ≤ d} . d
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P (ξ = ei) = P (ξ = −ei) = 1/2d. Sn = ξ1 + ξ2 · · · + ξn.
u {Sn} . däíî��ÚÛ
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P (S2n = 0) ≈ cn−d/2.
Â412!¢6ñÃ 1

>§
2
>Êß"#à�6 ∑

n P (Sn = 0) = ∞;
ñÃ

3
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n P (Sn = 0) < ∞.
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G(0,x) =
∑

n P0(Sn = x) ."#à� Ùêë)RiäJì�6í&�îE63ïðü]R
TU<12Î"#à� ��Ä·?ñúRâ G
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G
 HI�JK "#�6ã Sn(ω) = ξ1(ω)ξ2(ω) · · · ξn(ω).
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2 , · · · , ed, e

−1
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Cayley ú��ûìüR.Êß�6ëâ@k���òBå�6 P (ξ = ei) =

P (ξ = e−1
i ) = 1/2d.

u {Sn} . õö÷øùíî��ÚÛ.
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