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1 ��������
���������� !" S #$%&'()*�+ {Xn, n = 0, 1, 2, · · · } #,-.
S )/012*�$%345

P (X1 ∈ A1, X2 ∈ A2, · · ·Xn ∈ An), Ai ⊂ S,

'6478
∑

xi∈Ai,1≤i≤n

P (X1 = x1, X2 = x2, · · ·Xn = xn);

9:;<=�>'6?�@AB8CDE
P (X0 = x0, X1 = x1, X2 = x2, · · ·Xn = xn)

= P (X0 = x0)
n−1
∏

k=0

P (Xk+1 = xk+1|X0 = x0, X1 = x1, · · ·Xk = xk).

FG

P (Xk+1 = xk+1|X0 = x0, X1 = x1, · · ·Xk = xk) = P (Xk+1 = xk+1|Xk = xk),
(1)HI/012 {Xn, n = 0, 1, 2, · · · } 8 JKLMN, OI JPN.

FG?�@E
P (Xk+1 = y|Xk = x) = P (X1 = y|X0 = x)

QRS
k ≥ 1 TUVEHI/012 {Xn} 8 WXJKLMN. Y.��Z[\]^_`'abE]^_`'abcOI JPN.

��I
P (X1 = j|X0 = i) 8 (d i e j )�@

)fghi, j8 p(i, j);
I {P (X0 = x), x ∈ S} 8 klmn, $]j8 µ(x). opqr

(1)
;s

P (X0 = x0, X1 = x1, X2 = x2, · · ·Xn = xn) = µ(x0)

n
∏

k=1

p(xk−1, xk). (2)

't$%345Yuv45:wxyz{|�*[\_}bEZ~��uv45:wxyz�'6�*
�

1. /0��#_}bE+ Sn = S0 + ξ1 + ξ2 + · · · + ξn.
wxyz

p(x, y) =
P (ξ = y − x),

uv45�# S0 )45*

1



�
2. � !" S = {0, 1}, wxyz p(0, 1) = 1 − p(0, 0) = p, p(1, 0) =

1− p(1, 1) = q.
��|�)_}b'6�#�O�)_}b�*��_`'a������������:��������)��EFG�����j8 0,

����j8 1,
_

`'a��) ¡¢#��*�
3. Ehrenfest £¤.� !" S = {0, 1, 2, N}, p(i, i+1) = 1−i/N , p(i, i−1) =

i/N , �¥ p(i, j) = 0 (¦§¨©�Z��ª«>).
�'6�¬¨7®¯'°�±*�

4. ²³´µ¶·¸¹º. � !" S 8»(¼½E p(0, 0) = 1,
QR¾

x 6= 0,
p(x, x + 1) = p(x, x − 1) = 1/2.

�e¿À½ÁÂEÃ_}b X
��Ä/0��E�Å

e�À½�ÆÇ¯��*�È¯#É¼S�¨)/0��EÊ©�¦§IÁ8 ²³´µ¶
·¸¹º.�

5. ²ËÌµ¶·¸¹º. � !" S = {0, 1, 2, · · · }, p(0, 1) = 1,
QR¾

x ≥ 0,
p(x, x + 1) = p(x, x − 1) = 1/2.

�e¿À½ÁÂEÃ_}b��Ä/0��E�Å (d
� 1) e�À½EÍ�@���ÎÏ� 1.�

6. ÐÑN. � !" S = {0, 1, 2, · · · }, p(i, i + 1) = pi, p(i, i − 1) = qi.
�+

pi + qi = 1. Ehrenfest  ¡EÒÓÔÕ)/0��:ÒoÖÕ)/0��×#ØÙ12
)ÚÛ*�

7. ÜÝ¶Þß·¸¹º. jà G = (V, E) )á½â8 V , ãâ8 E,
QRS

x, y ∈ V , 6 x ∼ y äå x
:

y Á"$ãæç*?�@�+à G #O�àEèéêá½
Á"�ëZ$�ìãæçEí$d x e x )ã*6 dx äåá½ x )î(Eèï x æç)
ã)(ð*ñ x

:
y Á"$ãæçE��wxyz p(x, y) = 1/dx, òH8«*Qó)_}bI8 Ü G

Ý¶Þß·¸¹º.
�

G 8 d 3¼½&�HôE�ïÂ��)��#�õ
)*�¢#��öI)Y÷*
fgøù:

wxyz
p(i, j) $]cBU pij . ñ S 8$%� !" {1, 2, · · · , n}, Iúû

P = (pij) 8 (
�@

)fg (hi) øù; ñ S 8'ü� !"E��ý¦§Iwxyzþÿ {pij, i, j ∈ S} 8wxûEj8 P .I
P (Xn = j|X0 = i) 8 (d i e j ))n �fghi, j8 pij(n), $]cBU

pn(i, j). ���� pxy(0) = δxy.
QRS

x, y ∈ S, n, m ≥ 0,

∑

z∈S

pn(x, z)pm(z, y) = pn+m(x, y).

��;I8 Chapman-Kolmogorov
�;*Iúû

(pij(n)) 8 n �fghiøù, �j8 P(n). �8 Chapman-Kolmogorov�;E �� !"8$%]E P (2) = P 2, ��'	 n
@wxyzúû

P (n) = P n.
9


�;¨ P (0) = P 0 cUV*�� !"8'ü]E���í$��%úû)CDEÊ
'6�� Chapman-Kolmogorov

�;E�8 P n # n
@wxyzþÿ

P (n),
9
�;

¨ P nP m = P n+m.

JKLM��.
�;

(1)
I8_`'a��E$�ë��)�� (¦� 12), �yzS

�×#��È�/012��{�)� {Xn = x} )ì�ÍE1�:�÷)#æ��V
)*�6Í ��8�*

2



!"
1
QR¾

r, s ≥ 1, n1 < n2 < · · · < nr < n < m1 < m2 < · · · < ms,
QR¾

x1, · · · , xr, x, y1, y2, · · · , ys ∈ S,

P (Xm1
= y1, · · · , Xms

= ys; Xn1
= x1, · · · , Xnr

= xr|Xn = x)

= P (Xn1
= x1, · · · , Xnr

= xr|Xn = x) × P (Xm1
= y1, · · · , Xms

= ys|Xn = x).

2 #$45
+_}b)wxúû8 P,

uv458 µ = {µ(x), x ∈ S}. j Xn )458 µn,
H

µn(y) =
∑

x

µ(x)pn(x, y). (3)

ñ µn = µ
Q{$ n ×UVEHI µ 8 %&mn.

ñ_}b {Xn} )uv45#¯'45EH Xn+1, Xn+2, · · · , Xn+k )()45ï n
*Eè_}b {Xn} #� +,-./, 01I µ 8 ,-mn.

���22� %&mn: ,-mn #3�4*_}b'6í$¯'45EÛF�3O�/0��5c'6$ëê¯'45E#6)Û7'6,wxû8�8û*ÊQ.$%� !"_}bE9:;O�)ëE¯'45�<�* 8=>? EO@	AE�B[\Z%.$%� !"*�ëC\'6DEe'ü�
 !"*
ñ� !" S #$%)E�'6ï {1, 2, · · · , n} Ä��QóE��¯F+ S = {1,

2, · · · , n}. � µ
:

µn G8HIJEH (3)
;'6B8KOL)�;

µn = µP
n.

π #¯'45�
M� π = πP, è π
�#úû P )ÚN-8 1 )ÚNIJ*OPªQúû) Frobenius �E¯'45�#<�)*'6R1S7ÚNIJ÷T�¯'45*

6 M j S ¨yz45þÿE&��)E

M = {(a1, a2, · · · , an); ai ≥ 0,
n
∑

i=1

ai = 1}.

wxû
P UV�êd M e M )W�� ν → νP. ¯'45 π #��W�Í)¯�

½*�÷XY νPn ï π )Z[2î*8�\] M <é½ µ
:

ν Á")^_�

||µ − ν|| =
∑

x∈S

|µ(x) − ν(x)| = 2 max
A⊂S

|µ(A) − ν(A)|.

`ab	
||π − νP|| ≤ ||π − ν||.

3



Ê�c'6UV*
Û 8.

P =







0 1

1 0






, π = (

1

2
,
1

2
), ν = (1, 0).

d�
. (ef).

+
x ∈ S. {n ≥ 1; pxx(n) > 0} )�ghL(I8� x ) ef. ñ{$� )ij#��EI8_}b)ij*FG_}b)ij8 1,

IÃ_}b# kef
¶. �Âl)Û 8

<E_}b)ij8 2.
!"

2.
�+wxû

P = (pij) mn minij pij > 0, π #�¯'45EH<�o(
α < 1,

QR¾
µ, ν ∈ M,

||µP− νP|| ≤ α||µ − ν||; ||π − νPk|| ≤ 2αk.

pq
. j minij pij = δ. Y�+ ∑i µipij = δ +

∑

i µi(pij − δ),
9

(pij − δ) ≥ 0,

||µP− νP|| =
∑

j

|
∑

i

µipij −
∑

i

νipij|

=
∑

j

|
∑

i

µi(pij − δ) −
∑

i

νi(pij − δ)|

=
∑

j

|
∑

i

(µi − νi)(pij − δ)|

≤
∑

j

∑

i

|µi − νi|(pij − δ)

=
∑

i

|µi − νi|
∑

j

(pij − δ) = (1 − nδ)||µ − ν||.

, α = 1 − nδ èsr�ì¯�;Espqrr�ì¯�; k tE6� ||π − ν|| ≤ 2, èsruì¯�;*	v*
�� 2 )ì�;Swxû�)�w×¯x8 0, yz��)ì�#{6mn)*�|}~)��#6 P n �� P . Íl)���'6���	A*d�

(%L�).
+

P #� !" S ¨)wxyzû*�+ C # S )7âEñQR¾
x ∈ C,

∑

y∈C p(x, y) = 1,
HI

C # P - �â*yz S ��# P - �â*ñ S )R¾�7â×¯# P - �âEHIY P
{|�)_}b# %L� )*

!"
3 ¯'Lªij_}b�$��¯'45EQR¾ ν ∈ M,

<�o( α > 0,
||π − νPk|| ≤ 2e−αn.

4



�Fwxû
P )ÚN-8 1, λ2, λ3, · · · , λn, æó)ÚNIJ8 π, π2, π3, · · · , πn, U

8 n 3�}!")��¢��*R¾ ν ∈ M '6äå8 π, π2, π3, · · · , πn )���)*
ν = C1π + C2π2 + C3π3 + · · ·+ Cnπn.

.#
νPk = C1πP

k + C2π2P
k + C3π3P

k + · · · + CnπnP
k

= C1π + C2λ
k
2π2 + C3λ

k
3π3 + · · ·+ Cnλk

nπn.

È�
max{|λj|; 2 ≤ j ≤ n} ≤ 1,

Z; max{|λj|; 2 ≤ j ≤ n} = β < 1, ¨l�;)���r�>6�E���>��(�}E�>D� C1 = 1.

||π − νP k|| ≤
n
∑

j=2

|Cj||λj|k||πj|| ≤ C(1 − β)k.

��I
1 − max{|λj|; 2 ≤ j ≤ n} 8 ��. äå�gÚN- 1 ï��ÚN-)�g Á

")^_*[�)�ë��#*.�	��8¢)�4ì�*Âl)Û 8
<E��êÚN

-8 −1,
{6��# 0.Q.$%� _}bEZ;��#¢)ER¾uv45×�Ô e¯'45E9
Ô ¡

î#�(¢)*�£¤#©�xj¥)�¦C\*��§�¨]"E©�©ª.[\�(¢
)g«E��#/¬� (ð)§9§)��*z9¨ê®¯°±�� Persi Diaconis²� ||π − νPk|| )³¡´�$µ¶�± (threshold), ï�(´��¯��*¥rR·)¸¹Û7÷�A*�º¹$ 54 »E¼U�½'+¾8 1 ¿ 54 )ÀüE{6,� !"8
1 ¿ 54 ){$ÀüE¸¹�#d�|Àü'8��|ÀüE¯'45�#{$ 1 ¿ 54 )
Àü)�Á45*��:� Diaconis

²�Z;¸ 7 tÂG��¦�*Ãë¸ÂGA?¯
g*��ÄÅ<�$�-E���/0Æ�)Ô =l*

3
oÎïªoÎ

FGúû
A = (aij) mn6Íéì���

1. aij ≥ 0,

2.
∑

j aij = 1,
HI

A 8 ·¸øù. yzwxúû P = (pij) #/0úû*��)Ç�#ER¾/0úû
c×#Èê_}b)wxúûÉÊËÌ#Í�)*F3/0����E��'6, S∞ 8��!" Ω.

=ê��½ ω #�Îü*ÃÏ, S ¨))Ðyz45 µ 8uv45Er µ:
A
÷T��Ñæ`)$%345*OP Kolmogorov )ÒÓ\E�ê/012���T��*d�

.
FG/0'J τ

Z,ªQ»(&∞,
9


τ(ω) ≤ n#òUV'YX0(ω), X1(ω),
X2(ω), · · · , Xn(ω) ),-÷ÔÕEHI τ 8 (*._}b {Xn} ))ÖW. $]8�×Ø

5



P (τ < ∞) = 1,
��I

τ 8$%Æ]5FG<� M < ∞, P (τ < M) = 1,
HI

τ 8
$ÙÆ]5
ÛFr��)/0��Ú<] τA

�#Æ]*o(c#Æ]*
dÛ

(ÜJKLM��).
+

τ #*._}b {Xn} )Æ]EQR¾ x1, · · · , xr, x, y ∈
S,

P (Xτ+1 = y|Xτ = x, Xτ−1 = x1, · · ·Xτ−r = xr) = P (Xτ+1 = y|Xτ = x).

pq j Bk = {τ = k, Xk = x, Xk−1 = x1, · · ·Xk−r = xr}.
�

k < r
]E Bk 8

!â*� k ≥ r
]Eqr_}�E P (Xk+1 = y|Bk) = p(x, y).

P (Xτ+1 = y|Xτ = x, Xτ−1 = x1, · · ·Xτ−r = xr)

=
P (Xτ+1 = y, Xτ = x, Xτ−1 = x1, · · ·Xτ−r = xr)

P (Xτ = x, Xτ−1 = x1, · · ·Xτ−r = xr)

=

∑∞
k=0 P (τ = k, Xτ+1 = y, Xτ = x, Xτ−1 = x1, · · ·Xτ−r = xr)
∑∞

k=0 P (τ = k, Xτ = x, Xτ−1 = x1, · · ·Xτ−r = xr)

=

∑∞
k=0 P (Xk+1 = y, Bk)
∑∞

k=0 P (Bk)

=

∑∞
k=r P (Xk+1 = y|Bk)P (Bk)

∑∞
k=r P (Bk)

=

∑∞
k=r p(x, y)P (Bk)
∑∞

k=r P (Bk)
= p(x, y).

3'	 P (Xτ+1 = y|Xτ = x) = p(x, y). 	v*
d�l¨��cxs� ÜJP� ÝÞ JP�.

��ßà)Eo��#¯UV)*ÊQ
.'(� !"á_â]"ã()]^_}bEéä#�õ)*
d�

.
I

G(x, y) =
∑∞

n=0 pxy(n) 8 åæçè. ñ G(x, x) = ∞,
HI� x 8 éêë

; òH�I8 ìë, cíÄ kéêë. ñ{$)� 38oÎ&38ªoÎE��îZI_}b# éê¶ & kéê¶.ïS��Zïwxû P $*Eïuv45**����ëà)��ooðñuv4
5*F~×ØEH�Íò<ïAEF Pµ, Px( · ) = P ( · |X0 = x). ó

σx = min{n ≥ 1; Xn = x};
ρxy = P (σy < ∞|X0 = x).

ïS
σx ïÂl��)Ú<]ô$¯3EÊc#Æ]* ρxy äåd� x

�²)_}bx�$%]"e¿� y )yz*
!"

4. G(x, x) = 1/(1 − ρxx).
�;éã3]Ô &3]²â*

6



pq �� σ1 = min{n ≥ 1; Xn = x}, èÂl) σx. ���� σk = min{n >
σk−1; Xn = x}, �yzS�#_}br k te¿� x )]õ*

Px(σ2 < ∞) =

∞
∑

n=2

Px(σ2 = n) =

∞
∑

n=2

n−1
∑

m=1

Px(σ1 = m, σ2 = n)

=

∞
∑

n=1

∞
∑

m=1

Px(σ1 = m, σ2 = m + n)

=

∞
∑

n=1

∞
∑

m=1

P (X0 = Xm = Xm+n = x, Xj 6= x, 1 ≤ j < m & m < j < n + m)

P (X0 = x)

=

∞
∑

n=1

∞
∑

m=1

P (X0 = Xm = x, Xi 6= x, 1 ≤ i < m)

P (X0 = x)

×P (Xm+n = x, Xj 6= x, m < j < n + m|X0 = Xm = x, Xi 6= x, 1 ≤ i < m)

=
∞
∑

n=1

∞
∑

m=1

Px(Xm = x, Xi 6= x, 1 ≤ i < m)

×P (Xm+n = x, Xj 6= x, m < j < n + m|Xm = x)

=
∞
∑

n=1

∞
∑

m=1

Px(Xm = x, Xi 6= x, 1 ≤ i < m)P (Xn = x, Xj 6= x, 0 < j < n|X0 = x)

=

[ ∞
∑

m=1

Px(Xm = x, Xi 6= x, 1 ≤ i ≤ m − 1)

]2

= ρ2
xx.

��'	 Px(σk < ∞) = ρk
xx.

Ãó N(ω) =
∑∞

k=1 1{Xk(ω)=x}, äåö¬Îü {Xn(ω)}(cè��½) e1� x )�t(* N(ω) = n
�
M�

σn < ∞ �

σn+1 = ∞. .# Px(N ≥ k) = ρk

xx.

∞
∑

k=1

ρk
xx =

∞
∑

k=1

Px(N ≥ k) = ExN(ω) =

∞
∑

k=1

Px(Xk(ω) = x) =

∞
∑

k=1

pxx(n).

éã÷ 1 èsC\*
øù

1. ñ ρxx = 1,
H

Px(σk < ∞) = 1,
9
£¤��

N(ω) = ∞.
øù

2.
�3&u3)O�/0��#oÎ)E9úûüKýûþÿ���������	


��������
Polya �������������� !�"#$%$#ú&'(")*+	,-�./012�34+56 Polya 7/0�����89��û:;��þÿ����6<=�û�þÿ��������6>?@�þÿ����"AB

C'DEF GHI�J
Kakutani � UCLA KL MNO 2

"PQ�RST
A drunk

man can find way home, a drunk bird can not.
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4 UVWX
YZ

. [\]� S
���^_`

a : S → R,
)ab

x, y ∈ S,

a(x)p(x, y) = a(y)p(y, x)
c9@6de

a
, fghi

, P
� jfgk

. [\ a
�

S
��lmno6de

π
, jp

hi
,
eqrs

P
, jpk ü jptu 	

vwUVno�xeno6yz2w	{[6 d-
ûþÿ�����Uxe�6|2�U

V�	|[\ ∑x∈S a(x) < ∞, }W~"�6 a(x)/
∑

y∈S a(y) �9-UVno	����E������Uxeqrs�UV�	[\UVqrs�2U�6d)ab x ∈ S,
π(x) > 0. � �AUVno������	U��A"�; x ∈ S, � πx = a,
Cx = 1.

y���
(4)
�6�F�A

πy = Cya. ����~"��A a = (
∑

y∈S Cy)
−1.

��
5. UVno�2�no	�

3(�). Ehrenfest  ¡.
����

S = {−N,−N + 1, · · · , 0, 1, 2, N},

p(i, i + 1) =
1

2
− i

2N
, p(i, i − 1) =

1

2
+

i

2N
.

<
πi(N − i) = πi+1(N + i + 1) U¢ πi = CN+i

2N /22N . £ N ¤� 6
∑

|i|≥εN

πi ≤ 2

∫ ∞

√
εN

1√
2π

e−
x
2

2 dx.

¥¤¦6U§¨,¦lm©ª�« �¬2B®6�¯°�S±2UV²³	´� P
�µ¶·	¸����

S
�¹º

S1,
)

x, y ∈ S1, x 6= y,
A»

p1(x, y) =
p(x, y), p1(x, x) = p(x, x) +

∑

y/∈S1
p(x, y),

d
P1 = {p1(x, y); x, y ∈ S1}

�
S1
��

µ¶lm·6¼
P
�Uxe�6d P1 ½�	¼ P

�UV�6d P1 ½�UV6¾ U¸
π1(y) = π(y)/

∑

z∈S1
π(z).

� G = (V, E)
�"D¿À6�Á V

��;º6
E
�Â�ºÃ	Ä

E
,

V × V�¹º6§Â�>Å; x, y ÆÇÈÂ	§ x ∼ y ÇÈ (x, y) ∈ E;
<=

G
�D¿À6

(x, y) = (y, x).)=
(x, y) ∈ E, É§"Ê` w(x, y),

e,Â
(x, y)

�ËÌ	ÍU§7�ÎlÏÐÑÒÓ";	[\ (x, y) /∈ E,
A»

w(x, y) = 0. Ô"�6A»�; x
�ËÌ

w(x) =
∑

y∼x w(x, y).
A»

p(x, y) =
w(x, y)

w(x)
.

¥Õ {p(x, y); x, y ∈ S} Ö9"qrs�µ¶·6#×�Uxe�6 w(x) ��xeno	[\
∑

x∈V

w(x) < ∞,

8



dCØ�qrs�UV�	���)=�EÀ�ÎÙª!9@	yz6)abUVqrs67Ú��89�"�;6[\ p(x, y) > 0, ÛÜ¨,�;
x Ý y

z��ÂCÞ61Éß�ËÌ w(x, y) = π(x)p(x, y).
vw

w(x, y) = w(y, x).¥ÕÛÜ¢("àË� (
D¿

)
À	á§6UVqrsâàË�Àz�]�"")Ø	)="ãÀ

G = (V, E), [D��ä.6ÛÜU§¨,ÚÙÂ�ËÌ, 1.
CØ�qr

se,À
G
�� åæçèéê

. � d- ë:;�6¥Ýì"íîA»�þÿ���� "ï�	Êð[¾¥îñ[¾òó6|"ã#ô6¥îA»�þÿ����12õÃö"íÁ�����A»6#������Ã°NÓ	
Dirichlet Principle.

´� x ∈ A ⊂ S,
A»

σA = min{n; Xn /∈ A}; σx = min{n ≥ 1; Xn = x}.
A»

ρ(x) = 0, ρ(z) = 1, z /∈ A;
)ab

y ∈ A, y 6= x,
A»

ρ(y) = P (σA < σx|X0 = y).

vw
ρ ∈ F # F = {h : S → [0, 1]; h(x) = 0, h(u) = 1, u ∈ A}.
��

6 (Dirichlet Principle).
´� x ∈ A ⊂ S, π

�
P
�xeno6d

2π(x)P (τA < σx|X0 = x) = Φ(ρ) = inf
f∈F

Φ(f), (4)

�Á
Φ(f) =

∑

u∈A

∑

v∈S

π(u)p(u, v)(f(u)− f(v))2.

÷ø
. ù�� A

��Eº6¥ 
Φ(f) ú��Eû6üý�þ(ÿ¦6 f

Ø��T)
ab

y ∈ A, y 6= x,

f(y) =
∑

u

p(y, u)f(u). (5)

�"��6���l��âqr�62��	
ρ(·) �� (6)

�	ð¾<S�
"�6
(5)�Áö���9@	

Φ(ρ) =
∑

u∈A

∑

v∈S

π(u)p(u, v)([1− ρ(u)] − [1 − ρ(v)])2

=
∑

u∈A

∑

v 6=u

π(u)p(u, v)
(

[1 − ρ(u)]2 + [1 − ρ(v)]2 − 2[1 − ρ(u)][1 − ρ(v)]
)

= 2
∑

u∈A

π(u)[1 − ρ(u)]

(

[1 − ρ(u)] −
∑

v 6=u

p(u, v)[1− ρ(v)]

)

= 2π(x)

(

1 −
∑

v 6=x

p(x, v)[1 − ρ(v)]

)

9



= 2π(x)
∑

v 6=x

p(x, v)ρ(v)

= 2π(x)
∑

v 6=x

p(x, v)P (τA < σx|X0 = v)

= 2π(x)P (τA < σx|X0 = x)

£ A
�DE 6U�"�ÿ�����E¹º�� {An}Æ��6An ⊂ An+1, ∪nAn = A.��
(5)

�)
An
9@6¸ÿEW�("ã��	�� Liggett, Interacting Particle

Systems
	�	

{
9:
�ë�`:; Z

2 ��þÿ�����Uxe�6U¸xeno π(y) = 1. Z
2

Á��; y U�>n� (y1, y2) ÆÇÈ6 |y| = max(|y1|, |y2|) ÇÈ���	Ø�
Ditrichilet Principle,

¸
x
,�;6

A = {y; |y| ≤ n}, ¸ f(y) = a|y|, �Á a0 = 0,

an= 1, {ak; k = 1, 2, · · · , n − 1} � A�`	d

2P (τA < σx|X0 = x) ≤ Φ(f) =
n
∑

k=1

4(2k − 1)(ak − ak−1)
2.

¸�!�` ak U¢
P (τA < σx|X0 = x) ≤ 2

∑n
k=1 1/(2k − 1)

.

£ n "¿∞  #Å"¿ 0. $%ö"&Á ρxx
�A»62�N'6

ρxx = lim
n

P (τA > σx|X0 = x) = 1 − lim
n

P (τA < σx|X0 = x) = 1.

¥()-	.����"*�+	¥",+�-./01	[\7àË�À89�2346ÚÙÂ5�"6786Â (x, y)
�29,

1/w(x, y), :27, w(x, y).
$� x

;
�2;,

0,
á�

A Á�;�2;, 1, <�; y
�2;,

v(y),
d

v(y) =
∑

u

p(y, u)v(u).

<8��X= (5)
�S�
"�6

ρ(y) = v(y).
¥Õ�7>?µ�,234�>?	@#U§A�"B¯°����CDEF	{[6234î�29%2GâH�lÏ	�¯°

ÁÛÜU§A»>;z���I29 R(x, y),
DJ

x
(

A
z���I29

R(x, A). £
S
,DJ 6¸

S
�"�ÿ�����E¹º�� {Bn}, Bn ⊂ Bn+1, ∪nBn = S, �

x ∈ B1,
d

R(x, Bc
n)
ÿ���6�ÿE limn R(x, Bc

n)
e,K

x
(DJL��I!2

96<, R(x,∞).
��

7.
´� S

�U�DJ6d ρxx = 1 £×M£ R(x,∞) = ∞.
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5
nNWX

� {ξij, i, j ≥ 1} ?@Ono6¸P�^�`6� X0 = 1,

Xn+1 =

Xn
∑

j=1

ξnj.

d {Xn; n ≥ 0} Ö9"qrs6e,nNWXDnQWX	�µ¶lmU< ξ
�ROno

á�A
P (ξ = k) = pk, k = 0, 1, 2, · · · .

�J�lm�»S.v6½S��6�"ãTÃúUM' ξ
�no:U	VW�6

1874
�XY+

Francis Galton
â

Reverend H.W. Watson
�¾�ZÆ[Î%\]^5_Á`a�`b6ce Galton-Watson WX6D GW WX	¥ ξ Ç

È^de�f¹!`	£w¥�Z½U�=[Î^�¯gh�i`���6DjyØÁk���¹`	ð,¥"�ð6ö�F�l�m§�n��Y5��ÌÄ	
[\ Xn = 0,

d
Xn+k = 0

6
k ≥ 1. :6"oWXp=�� 0

6�qr2�-	��
0
e,st�	u

τ = min{n, Xn = 0}. +Üù�vw P (τ < ∞)
�x,

1. �¥"&ÛÜ<
ρ = P (τ < ∞), f(s) =

∑

k

pks
k, m =

∑

kpk.

��
8. (1)EXn = mn.

(2) ρ
��X s = f(s)

��¦�yS	 ρ < 1 £×M£ m > 1.÷ø
. (1) EX1 = Eξ = m.

<~z+6

EXn+1 = E
Xn
∑

j=1

ξnj = E
∞
∑

l=1

l
∑

j=1

1{Xn=l}ξnj

= E
∞
∑

l=1

1{Xn=l}

l
∑

j=1

ξnj =
∑

l

P (Xn = l)ml = mEXn = mn+1.

(2)
���l��

ρ =
∑

P (τ < ∞, X1 = k) =
∑

pkP (τ < ∞|X0 = k) =
∑

pkρ
k.

vw
1
��X s = f(s)

��yS	R�(
f(s) � [0,1]

��¬v= s
ÿ���6Ô{6

f ′(1) = m. £ m < 1
 6|8

y = f(x) Ý)}8 y = x � [0,1]
��¬ú� x = 1C~	£ m = 1

 6|8
y = f(x) Ý)}8 y = x � [0,1]

��¬ú� x = 1
C�	

£ m > 1,
|8

y = f(x) Ý)}8 y = x � [0,1)
��¬��C~;		�	

11



6

m < 1, m = 1, m > 1,

n�enNWX�F ��k6��k,
â ���k

.nNWX�ÚÕI)Ø"��	� Ω
,à6;���i	Ú"nNWX�7- Ω��lmno6e,

GW
no6<, PGW ;

ð,nNWX<"�^�`��lmno
{pk}

á�A6á§ÛÜ½��^�`��lmno {pk} �7
-

Ω
��lmno	§ GWno���¸��6e, GW

�	
� Ω0

,�E��i6
Ω∞

,DE��i6d
Ω = Ω0∪Ω∞.

F�lâ�l�nNWX�7�lmno�ºÁ� Ω0, PGW (Ω0)=1, PGW (Ω∞)=0. ���l��6PGW (Ω0) = ρ,
PGW (Ω∞) = 1 − ρ.

)=
A ⊂ Ω∞,

A»

P∞
GW (A) =

PGW (A)

PGW (Ω∞)
.

: P∞
GW

,
PGW

E�� Ω∞
�Ùªlm6���TÃÛÜSvw P∞

GW .MA�
T
1�A"�; o

,6;6)���; x,
A» |x| , x Ý o

���	)=Â
e = (e0, e1),

A» |e| = min{|e0|, |e1|}.
¸Â

e
�ËÌ

w(e) = λ−|e|.
¥Õ¢("àË�À	[ìáÎ6ÛÜ½U¨,¥�"2346Â e

�29
R(e) = λ|e|.

d
R(o,∞)�

λ
�ÿ�_`	A»

br(T ) = sup{λ, R(o,∞) < ∞}.
e

br(T )
,�

T
�

branching number.
��

9. P∞
GW (br(T ) = m) = 1.÷ø

.
M	����n6

br(T ) ≤ m.
6
ËÌ

w(e)
A»���qrs	¼

λ ≥ m,
d

CØ�qrs����	<¾N'
R(o,∞)=∞, ÛÜ������ Dirichlet Principle.¸

a0 = 0; al = 1, l ≥ n; ak =

∑k
s=1(

λ
m

)s

∑n
s=1(

λ
m

)s
, 1 ≤ k ≤ n − 1.

�� T
�ö

k ���;`, Xk,
¸

f(y) = a|y|,
d

EGW

∑

u

∑

v∈S

π(u)p(u, v)(f(u)− f(v))2

= 2EGW

n
∑

k=1

λ−k+1Xk(ak − ak−1)
2

= 2
n
∑

k=1

λ−k+1mk(ak − ak−1)
2 =

2λ
∑n

k=1(
λ
m

)k
.

£ n → ∞ ��#Å"= 0,
=�

PGW (ρoo = 0) = 1. ½:��á�� GW
��29�

DJ�		�	
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��nS	�A";,6;6�,��6§�,Å;�� ξ
ÙÂ6�Á ξ

,����6
P (ξ = k) = pk(1− ρk)/(1− ρ). 7¥ ξ

ÙÂ��"Å;��&�,��D��6�,�
��lm,

1 − ρ,
�,���lm,

ρ. [\á�Å;�-�,��6d¾F��DI6Ì*ÆW	�Ú��Å;6Ì�����+	)=��Å;6�� η
ÙÂ6�Á η

,�
���6

P (η = k) = pkρ
k−1,

á�*Â��"Å�,��	�¾�d@�Ô 6¢"��C��DJ�6�Á���;=9�¹�6e,¡¢6��Ô�no£®� GW
�	

p̂0 = 0, p̂k =

∞
∑

r=0

pk+rρ
r(1 − ρ)k−1Cr

k+r, ∀k ≥ 1.

���;=9���E�6e, bush,
Þ�¡¢�	¥��C���6[\2n¤�6¥¦��� {pk}

£®�DJ
GW

�6:� P∞
GW

���¸�"��	§¨©ª
Olle Haggstrom, Finite Markov Chains and Algorithmic Applications, Cam-

bridge University Press, Cambridge, 2002.
Peter G. Doyle & J. Laurie Snell, Random Walks and Electrical Networks

(Carus Mathematical Monographs, No 22) Mathematical Association of America,
1984. http://www-ee.technion.ac.il/ adam/FUN/RWEN.pdf

John G. Kemeny & J. Laurie Snell, Finite Markov Chains, Springer, New
York, 1983«¬©ª

Theodore E. Harris, The Theory of Branching Processes, Springer, Berlin,
1963 & Dover Publications, Inc., New York, 1989� T

1.
)=

x, y ∈ S,
¼]� x0, x1, · · · , xr ∈ S, x0 = x, xr = y,

×)a�
1 ≤ k ≤ r,

p(xk−1, xk) > 0,
d<, x → y.

¼
x → y

×
y → x,

d<, x ↔ y. ®¯�A x ↔ x.e ↔ ,°±v²		.°±v²��³v²	
2.
2U�qrsú�"°±�³´	

3.
¼

x ↔ y,
d

x
â

y
O,��DO,���6×�µCO	

4. ¶·�2U�S¸"B�¯nÙª6¹	�E��qrs�2�no
"	
5.
	.T��ë�`:;�K�;(DJL�29, ∞;

#�ºë�`:;�6K�;(DJL�29��E�	¥îý�ì���A6:ÚÙÂ�ËÌ, 1, ½:29, 1.

6. Ú�;5� d
ÙÂ��e,

d-
�d�	´A

d ≥ 3. ¶	T (1) d-
�d��

branching number
,

d. (2) d− �d���þÿ���������	
7.
)=MA�qrs6	.�á�2�no�iÖ9"{º	

8. »¼ {0, 1, 2, 3, · · · } ��qrs {Xn}, �µ¶lm, p(0, 1) = 1;

p(x, x + 1) =
x2 + 2x + 1

2x2 + 2x + 1
, p(x, x − 1) =

x2

2x2 + 2x + 1
x ≥ 1;

¼ |x − y| ≥ 2,
d

p(x, y) = 0.
	.½qrs�����1¾¿

ρx = P (τ < ∞|X0 =
x), �Á τ = min{n ≥ 1, Xn = 0}. (ÈT ∑∞

k=1 1/k2 = π2/6.
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9.
	.Tab"�¸�`P�?@�������qrs	À�ÁÂÙªUýz9, ÃqrsÄ

10.
^`
±Å²Æ< n

ÁÇÈ=96K�"È¿Ô"ÈÉÊÅ� 0
D

1
 6Ët

Ê�m,
p. [� X0 ÇÈÌÍÈ'�`Î	 Xk ÇÈ}W k

FÉÊ�Ët(�`Î6
{Xk} Ö9qrs	¶	

P (X0 = 1|Xn = 1) =
α + α(p − q)n

1 + (α − β)(p − q)n
,

�Á α = P (X0 = 1), β = 1 − α, q = 1 − p. Ï�.�ÎÙªlm�ÐÑ�»	
11. ��� y

�����6)a�
x, Ò�∑∞

n=0 pxy(n) ≤
∑∞

n=0 pyy(n). ¶	.z	
12.

	.§Ôa"ò?Ýqr��³	

1)
)ab

m, n ≥ 1;
)ab

x1, · · · , xn, y ∈ S,

P (Xn+m = y|Xn = xn, X1 = x1, · · ·Xn−1 = xn−1) = P (Xm+n = y|Xn = xn).

2)
)ab

n1 < n2 < · · · < nr;
)ab

x1, · · · , xr ∈ S,

P (Xn1
= x1, · · ·Xnr

= xr) = P (X1 = x1)

r
∏

i=2

P (Xni
= xi|Xni−1

= xi−1).

3)
)ab

r, s ≥ 1, n1 < n2 < · · · < nr < n < m1 < m2 < · · · < ms,)ab
x1, · · · , xr, x, y1, y2, · · · , ys ∈ S,

P (Xm1
= y1, · · · , Xms

= ys|Xn1
= x1, · · ·Xnr

= xr, Xn = x)

= P (Xn1
= x1, · · ·Xnr

= xr|Xn = x).

13.
	.T

ρxy > 0 £×M£ x → y, ½�³= G(x, y) > 0.

14.
�E����

S
��qrs!����	
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