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1 Poisson ��
�

ξ1, ξ2, · · · ����������� λ ������ Sn = ξ1 + ξ2 + · · ·+ ξn,

Xt = max
n
{n; Sn ≤ t}.

!
{Xt; t ≥ 0} "#$%&'��()*+���,-���.���� λ � Poisson �

�/012345�6��� λ=1.
78

1 Xt ����� λt � Poisson ��/9:
. ;<= {Xt = n}>?@ {Sn ≤ t < Sn+1}. # D = {(x1, · · · , xn);

∑n

j=1 xj ≤

t} ⊂ Rn. C = {(x1, · · · , xn+1);
∑n

j=1 xj ≤ t <
∑n+1

j=1 xj ; } ⊂ Rn+1.
!

P (Xt = n) = P (Sn ≤ t < Sn+1)

=

∫

· · ·

∫

C

λn+1e−λ
∑n+1

i=1 dx1 · · · dxn+1

=

∫

· · ·

∫

D

λne−λtdx1 · · · dxn

= λne−λt Volume(D) = e−λt (λt)n

n!
.

����ABCD�.�1EFC�GHI a, b > 0,

P (ξ > a + b|ξ > a) = P (ξ > b).

JK6LM Poisson ���NOC/
78

2. GHIP� t1 < t2 < · · · < tr < t < t + s, GH<%&'� n1 ≤ n2 ≤
· · · ≤ nr ≤ n ≤ n + m,

P (Xt+s = n + m|Xt = n, Xt1 = n1, · · · , Xtr = nr)

= P (Xt+s = n + m|Xt = n) = P (Xs = m)
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9:
. ;<= {Xt = n} >?@ {Sn ≤ t < Sn+1}.

P (Xt+s = m|Xt = n, Xt1 = n1, · · · , Xtr = nr)

=
P (Xt+s = n + m, Xt = n, Xt1 = n1, · · · , Xtr = nr)

P (Xt = n, Xt1 = n1, · · · , Xtr = nr)

=
P (Sn+m ≤ t + s < Sn+m+1; Sn ≤ t < Sn+1, Sni

≤ ti < Sni+1, 1 ≤ i ≤ r)

P (Sn ≤ t < Sn+1, Sni
≤ ti < Sni+1, 1 ≤ i ≤ r)

=

∫

· · ·
∫

B
λne−

∑n
j=1 xj

(

∫

· · ·
∫

A
λne−λ

∑n+m+1

i=n+1
xidxn+1 · · · dxn+m+1

)

dx1 · · ·dxn

∫

· · ·
∫

B
λne−λtdx1 · · ·dxn

QR
a = t−

∑n

j= xj ,

B = {(x1, · · · , xn);
∑ni

j=1 xj ≤ ti <
∑ni+1

j=1 xj ;
∑n

j=1 xj ≤ t} ⊂ Rn,

A = {(xn+1, · · · , xn+m+1); xn+1 > a;
n+m
∑

j=n+1

xj ≤ s + a ≤
n+m+1
∑

j=n+1

xj ; } ⊂ Rm+1.

∫

· · ·

∫

A

λne−λ
∑n+m+1

i=n+1
xidxn+1 · · · dxn+m+1

= P (ξn+1 > a;
n+m
∑

j=n+1

ξj ≤ s + a ≤
n+m+1
∑

j=n+1

ξj)

= P (ξn+1 > a)P (
n+m
∑

j=n+1

ξj ≤ s ≤
n+m+1
∑

j=n+1

ξj)

= e−λ(t−
∑n

j= xj)P (

n+m
∑

j=n+1

ξj ≤ s ≤
n+m+1
∑

j=n+1

ξj).

SKTUVW��XR�YZ[\]

P (Xt+s = m|Xt = n, Xt1 = n1, · · · , Xtr = nr) = P (

n+m
∑

j=n+1

ξj ≤ s ≤
n+m+1
∑

j=n+1

ξj).

^_6]
P (Xt+s = m|Xt = n) = P (

n+m
∑

j=n+1

ξj ≤ s ≤
n+m+1
∑

j=n+1

ξj).
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@"`Ba>bc�/def^��6]*gC

P (Xt+s = n + m|Xt = n) = P (

n+m
∑

j=n+1

ξj ≤ s ≤
n+m+1
∑

j=n+1

ξj)

= P (
m

∑

j=1

ξj ≤ s ≤
m+1
∑

j=1

ξj) = P (Xs = m).

hi
78

3. j� {Xt} k {Yt} "la����� Poisson ������3" λ k µ,  
Zt = Xt + Yt,

!
{Zt} m" Poisson ������ λ + µ.

78
4.
�
{Xt} " Poisson �����" λ,

�
{ηn, n = 1, 2, · · · } "Bn��^

���,-opqn�rs {Xt} ����/ P (η = 1) = p, P (η = 0) = 1 − p.  
Zt =

∑Xt

n=1 ηn,
!
{Zt} m" Poisson ������ pλ.

0tuvw 4
Rx

Bernoulli y,-opz�B{�,-op�|] {Zt}
.�}~

Poisson ��/��
ω, Xt(ω) " t �����������A�()Ck���/ Xt ��=*�

t ��������������"Ba'�y,-op�� Sn "����` n ���
�*��"Ba()y,-op/ {Xt; t ≥ 0} s {Sn, n = 1, 2, · · · } BBG�/��.
{Sn, n = 1, 2, · · · } � Poisson  /

Poisson  " R+ ��,-¡¢�GH< A ⊂ R+ �£

χ(A) = |A ∩ {Sn, n = 1, 2, · · · }|.

!
(1)χ(A) �� Poisson ������ λ|A|;

(2) ¤ A ∩B = ∅,
!

χ(A) s χ(B) ����/¥¦�0t R+ ��,-¡¢ S̃, §¨©�l¡ª«�! S̃ " Poisson  /¬­®¯°l¡±x Poisson  ²³='´µ¶ R ��m6�£u·¸¹Oº+ Rd ��.�·
¸ Poisson �� ( ). »0�¼º½�B>¾�¿¿6©Àc"Á¸ÂW�� Poisson �
��ÃÄÅÆ½�ÇÈmÉ Poisson ��/

2 Q- ��

u°BÊ��Ëj�ÌÍº+ S "A�Î6��/� {Xt, t ≥ 0} "#$@ S �()*
+���,-��/0tGHI x1, x2, · · · , xk, xk+1 ∈ S, t1 < t2 < · · · < tk < tk+1,

P (Xtk+1
= xk+1|Xt0 = x0, Xt1 = x1, · · ·Xtk = xk) = P (Xtk+1

= xk+1|Xtk = xk);

(1)
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GH< t, s > 0, x, y ∈ S

P (Xt+s = y|Xt = x) = P (Xs = y|X0 = x) (2)

!.
{Xt, t ≥ 0} �#$ÏÐÌÍº+�NÑ6Ò���Y. ÓÔÕÖ

.°½ ÕÖ l×ØÙ*+��"()�/. (1) X� ÓÚÛÜÝÞ, Y. ÓÔÝ;
.

(2)
X� ßàÝ. ��×W�á�#$ÏÐÌÍº+�NÑ6Ò��r¬âã (2) X�äå�ææ© çßàÓÔÕÖ ±è� (2) X�éê/.

P (Xs = y|X0 = x) �ëìíî�E� ps(x, y) Î pxy(s). ï� pxy(0) = δxy. ©
Pt

T�ëìíîðñ {pt(x, y); x, y ∈ S},
.�ëìíîòó/ô S "A�*� Pt m�

����òó�ô¬õö÷ø£/ëìíî§¨ Chapman-Kolmogorv ù��
∑

z∈S

pt(x, z)ps(z, y) = pt+s(x, y). (3)

»ú Poisson ��"#$ÏÐÌÍº+�NÑ6Ò��/ä§¨ (3) �ëìíîòóû {Pt, t ≥ 0} %üým%ü}þ�ÿK���B�j�

lim
t→0

pxy(t) = δxy, ∀x, y ∈ S. (4)

�X.� ��Ý, �ã�è�6�C/
78

3. ¤ (4) Xc��!

qxy = lim
t→0

pxy(t)− δxy

t
�u (�	��� ∞ �
£<£�).�


qxx ≤ 0 ≤ qxy, x 6= y.  qx = −qxx.
.
{qxy, x, y ∈ S} ðñ� {Pt, t ≥ 0}

� Q- òó/ô S "A�ÌÍº+*� Q- òó��6©�còó�X (qxy).
78

4. j�
∑

y 6=x

qxy = qx <∞. (5)

�
X0 = x,  σ = inf{t, Xt 6= x},

!
1) P (σ > t) = e−qxt.

2) P (Xσ = y) = qxy/qx.

3) P (σ < t, Xσ = y) = (1− e−qxt)qxy/qx.
78

5. (1)
ô

S "A�ÌÍº+*�! (5) X�c��

Pt = etQ =
∞

∑

n=0

tn

n!
Qn. (6)
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(2)
¥¦�¤òó Q §¨ (5) X�!òó etQ ",-òó��§¨ Chapman-Kolmogorv

ù�/© etQ �ëìó|G��,-���ANOC/
ô

S "A�ÌÍº+*�Bûëìó {Pt, t ≥ 0} 6J�aòó Q |���� Q ��§¨ (5) X\6/ô S "1�*���ª}þ�ý/
»/� S = {1, 2, 3, · · · }, qn = qn,n+1 = n2,

Q�
qnm = 0. 0t {Xt} "G��

NO���Jvw 4 �� Xt ��¡ k M������ k + 1, k + 2, k + 3, · · · .  
σn = inf{t, Xt 6= n},

!

E
∞

∑

n=k

σn =
∑

n

Eσn =
∑

n

1

n2
<∞.

∑∞

n=k σn ����A�� Xt

SuA�*+� �|AÌÍ/°!"#.�$%� s =
∑∞

n=k σn

.�$%*� {Xt; t ≥ s} 0I�£&°"Ba'­��w/B!()*+"j�
qx B,A-�$%¬õM"/
78

6.
�
{qxy, x, y ∈ S} §¨

∑

y 6=x

qxy = qx < M, ∀x ∈ S

!�u#$ÏÐÌÍº+�NÑ6Ò���© {qxy, x, y ∈ S} �Q Q òó/��x
Q òó|���#$@ÏÐÌÍº+�NÑ6Ò��./ Q- ���m.0�

�/ Q- ��1234�CDm56/ü7�ÏÐÌÍº+�NÑ6Ò��" Q- ���ä
m�u¥»/8BùW�r¬"HIBû {qxy, x, y ∈ S} 9G�Ba Q- ���vw 6 �:M;<�´��A=�w>?m@A'�BC/

Kolmogorov
V�ù�k[Dù�

P ′
xy(t) =

∑

u

Pxu(t)quy. (7)

P ′
xy(t) =

∑

u

qxuPuy(t). (8)

Q- ��sNOE�FG/# δ > 0, Yn = Xnδ,
!
{Yn, n = 0, 1, 2, · · · } "N

OE�© Pδ �B�ëìíîó�.�HI��/� σ0 = 0, σ1 = inf{t, Xt 6= X0},
σn+1 = inf{t > σn, Xt 6= Xσn

}, Zn = Xσn
.
!
{Zn, n = 0, 1, 2, · · · } m"NOE�Q

B�ëìíî pxx = 0, pxy = qxy/qx,
.�JUE/üKs%üK���. {Xt} "üK

� (%üK�)
ô�LôQJUE"üK� (%üK�).�

{Xt} "ÏÐÌÍº+�NÑ6Ò���Qëìíî� {pt(x, y); x, y ∈ S, t > 0}.
0t µ "ÌÍº+ S ��íî���0tGHI t > 0, y ∈ S,

∑

x∈S µxpt(x, y) = µy,!.
µ � MNOP Î QROP. 0tGHI t > 0, x, y ∈ S, µxpt(x, y) = µypt(y, x),!.
µ � ÛSOP.
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0t {Xt} " Q- ��� µ " MNOP ô�Lô ∑

x∈S µxqxy = 0; µ " ÛSOPô�Lô µxqxy = µyqyx.�
{Xt} " Q- ��� µ " ÛSOP, #

L2(µ) = {f : S → R,
∑

x

µx(f(x))2 <∞}.

GH< f ∈ L2(µ),
�£ ∫

fdµ =
∑

x µxf(x), ||f ||2 =
∫

f 2dµ.
�

ν "ÌÍº+ S �8Bíî�����±TU νPt s µ �VÏ/�ªTU ν "�¡�� δx \6�B{��
ν =

∑

x νxδx. 0t δxPt → µ,
!

Exf(Xt) =
∑

y

f(y)P (Xt = y|X0 = x) =

∫

fd(δxPt)→

∫

fdµ.

�KTU A(t) = ||Exf(Xt)−
∫

fdµ||2;

dAt

dt
=

∑

x

2µx

(

Exf(Xt)−

∫

fdµ

)

∑

y

f(y)P ′
xy(t)

=
∑

x

2µx

(

Exf(Xt)−

∫

fdµ

)

∑

y

f(y)
∑

u

qxuPuy(t)

=
∑

x

2µx

(

Exf(Xt)−

∫

fdµ

)

∑

u

qxuEuf(Xt)

= 2
∑

x

∑

u

µxqxuExf(Xt)Euf(Xt)

= 2
∑

x

∑

u 6=x

µxqxuExf(Xt)Euf(Xt)− 2
∑

x

µx

∑

u 6=x

qxu(Exf(Xt))
2

= −2
∑

x

∑

u

µxqxu[Exf(Xt)− Euf(Xt)]
2

¬W� ∫

fdµ = 0, X!© f −
∫

fdµ = 0
TY/E

∆ = inf{
∑

x

∑

u

µxqxu[f(x)− f(u)]2; f ∈ L2(µ), ||f || ≤ 1,

∫

fdµ = 0}.

!

d

dt
||Ptf ||

2 = −2
∑

x

∑

u

µxqxu[
Ptf(x)

||Ptf ||
−

Ptf(u)

||Ptf ||
]2||Ptf ||

2 ≤ −2∆||Ptf ||
2.

JKLM ||Ptf || ≤ e−∆t||f ||. ZK. ∆ �[ (\) ]/
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3 ^»
�_��/# S = {0, 1, 2, · · · }, qj,j−1 = αj , j ≥ 1; qj,j+1 = βj, j ≥ 0, −q00 =

β0; −qjj = αj + βj , ∀j ≥ 1, G�� Q- ��.��_��/0t αj = 0, j ≥ 1,
!

.�`���/ Poisson ��a"`���/
�_��"bY��B�0��/QJUE"cµ¶��de,-fg/�_��B�

"6h.��h.��6#�

a(x) =
β0β1 · · ·βx−1

α1α2 · · ·αx

.

¤ ∑

x a(x) <∞,
!��_��i"6j�/�_��"XüK�6J�_kî αj, βj |

���Q[]m6f�_kî±�l/Q�B=}þmy6©n�@�_���op�]=
B=Af�q�/

M/M/k rsGt/j���u¡A k a�uv�wx�=±"kî� β � Poisson
 �yawxz{�u�*+"��^��������� α ������© Xt �� t
*�Puz{�ukPu>|�u�wxË��! {Xt; t ≥ 0} "�_������

βj = β, j ≥ 0; αj = α max(k, j), j ≥ 1.

z}��/# S �B¸~¡ Z �A��¢ðñ/
q(A, A \ {x}) = 1, x ∈ A;

q(A, A ∪ {x}) = λ|A ∩ {x− 1, x + 1}|, x /∈ A;
QR

|B| ��¢~ B
R����a��� A ∩ {x− 1, x + 1} �� A

Rs x �e��
�/°amy6©/°��(��Xt �� t *�{��!������ðñ�ya��©
kî 1 ]©�}�ya���añ{���kîsQ��e�R����cPo/myJK]�/

Harris ����/u Z �ya'�¡�Bµ¶�uy´µ¶����a�� Poisson
 �=l*���3© ←,→,× ���Vla Poisson  ���� λ, `�a Poisson
 ���� 1. ¬^µ¶�� Poisson  ����/��u (x, 0) ¡;���6�µ¶æ� �m6��� =��Î���µ¶�ä¬6�� ×. 0t� 6=l (y, t),

!©
(x, 0) −→ (y, t) ��/

Xt = {y ∈ Z; ∃x ∈ X0, (x, 0) −→ (y, t)}.

J���6��z}���A��C�X0 �Ä�! Xt m�Ä� λ �Ä�! Xt m�Ä/
��£�º¢"� Í�B¡@A������a¢ê;�\ Xt = ∅ ⇒ Xt+s = ∅.  
τ = inf{t; Xt = ∅}. �Y�����j� X0 = {0}.

��£¤��w" P (τ < ∞) s
λ
¦+�£G/J��C��£¥-$

λc = sup{λ; P (τ <∞) = 1}.
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°<¦§��îp¨*����©ªõ¢ê�0t��îpÄ�!���õBµ���«/°!ÿ��a���poö÷'ñ¬��Do�"#.��o/­� 1.5 < λc < 2,
ä®

¯°M λc �±�$/z}���£�QY��²�A³´�µ��CD�»0� rt = max{x, (0, 0) −→
(x, t)}.

ô
λ > λc � τ =∞ *� limt rt/t

�u/
Harris ����*+6©ì¶=Q����a"u Z �mr@A�·¸¹ X0 º»�

A��/0t X0 "1�¢�! Xt mB�"1�¢/ä Z �|A1��¢ðñ^¬6�
��°­¼M½Ê|¾¿�¬�/
;Eú�À��k¡��ÁÂÃÄ
ÅÆÃÄ
Ç8 ú 1.

h5 Xt+s −Xs ����� λt � Poisson ��/
2. �M%*gNO��� Chapman-Kolmogorov ÈX/
3.
�

S = {1, 2, 3, · · · }, qn = qn,n+1 = n,
Q�

qnm = 0.
h5ú�u��� Q- �

�/
4. n�s�_���op�h5z}��É�¥-$ λc ≥ 1. limt rt/t ≤ λ− 1

6. TÊ�AlaÌÍ {0, 1} ��_��� q01 = −q00 = λ, q10 = −q11 = µ, �M
Kolmogorov ËVÈX�rn�(K��ù�Ì«] p00(t) k p11(t) ©ÍÎÏ��/

7. (a) TU Q- �� {Xt} ÍQJUE {ξn}, ­� {ξn} "PüK��� {Xt} mB�
"PüK�Ð& (b) ¤x M/M/1 rsGtÑ First-come-first-served � Last-come-
first-served. Ò�M�rsGt��n,-op���A1oZú (1) sÓÔÉ� (2) >Õ*+� (3) Aåu>Õrs/

8. TÊ {1, 2, · · · , N} �� Q - ���Qëìíîó P (t) = (pij(t)).
h5G|A

t > 0, det(P (t)) > 0.

9. ursGt M/M/1
Rwx�=l*�" Poisson  ���� λ; �u*+���

������� µ.
ôsÓÔÉ� n *À±�wx©íî n+1

n+2 Ö
U=>Õ�sÓ�©íî

1
n+2 ×ØÙ

Ú� (1) uÛÜ´���Gt6©AÎÏ��& (2)
ô�rsGtl=ÎÏ*

Î�sÓÔÉ"ýÝ&wxÖ
U>Õsn�íî"ýÝ&

10. �ÞßÈàuQáâ���ãÞäå���*��c Poisson  �Î�yæ λ ´ä
å/y´äå�Þ?u 80 ç= 200 ç¦+�è����é��êÞbý¯M? 100 ç�
ÿK�ëìs�A£�äå/ëìy´äå|È*+m",-op�u 1 í*= 2 í*¦
+�è��/E� 30 æ�îïð���*+� X,

Ú« E exp(aX),
QR

a �ü�
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