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1 �����
�

{Xt} ������������ t  !"�#��$!"�%�&'()*+ t > 0,
EX2

t < ∞, ,- {Xt} .�����&/012��������&3454���6��789:;<=>?@A�&BCD>��786?@.EF6GHI&)J������KLM6D>�NOP. m(t) =
EXt Q

Γ(t, s) = Cov(Xt, Xs) = E(Xt − mt)(Xs − ms).
RFST� m(t) ≡ 0. UGHIV� Γ(t, s) �=BWX6�YZ6 Γ(s, t) = Γ(t, s), [\B6&
]^

1. )*+_#� n, *`a� c1, c2, · · · , cn, Q*`_� 0 < t1 < t2 < · · · <
tn,

n∑

i=1

n∑

j=1

cic̄jΓ(ti, tj) ≥ 0.

bc
.

n∑

i=1

n∑

j=1

cic̄jΓ(ti, tj) =

n∑

i=1

n∑

j=1

cic̄jCov(Xti, Xtj ) = var(

n∑

i=1

ciXti) ≥ 0.

]^
2. d��eV� Γ(t, s) �[\B6�,=BWX�����" Γ(t, s) .GHI

V�&bc
. f%!"g12��& ♣.�

{Xt} .�����&'( EXt �h� (i t jk), Γ(t, s)=Γ(t + r, s + r), ,-
{Xt} .lmn��&
]^

3.
�

{Xn} .lmn�� (op). '( limn→∞
Γ(0, n) = 0, ,

lim
n→∞

||
1

n

n∑

k=1

Xn − EX1|| = 0.

bc
.

limn→∞
||

1

n

n∑

k=1

Xn − EX1|| = lim
n→∞

1

n2

n−1∑

k=0

(n − k)Γ(0, k) = 0. ♣

1



2 qrBs

�
{Xt}������������ t !"�#��$!"�%�&'()*+_#� n, *

`_� s Q 0 < t1 < t2 < · · · < tn, {Xt1 , Xt2 , · · ·Xtn} Q {Xs+t1 , Xs+t2, · · ·Xs+tn}54tu6vwxy�,- {Xt} . (z) mn��&{
1: |}uxyop&{
2. Xn = X, , {Xn} �zmn��{
3. OU ��RFS~���C&/0WX���� {Xt}, E�zmn��U[lmn���$!

"�lmn��U[zmn��&
zmnop|}uxyop6��&RF��4����B���6��&.���

1

n

∑n

k=1
Xn ���h���M3�6qr���& (��{ 2 �����&) ��qr�

6�� ¡¢£¤¥�RFS�¦§¨©¡��"ª«>��!"¬RF¬�=®¯&
]^

2. (°w���). '( limt→∞
|EXtX0−EX0EXt| = 0, , {Xn} �qr6&{'�|}op±²°w���&�{ 2 S±²°w���&

]^
3. d� {Xn} �mnqr6� Yn = f(Xn, Xn+1, Xn−2, Xn+2, Xn−2, · · · ) ,

{Yn} �$�mnqr6&{
3, d� {Sn} � Zd ³6��´µ&'(WX m ≥ 1, Sn+m = Sn, g Yn = 0; '

()*+ m ≥ 1, Sn+m 6= Sn, g Yn = 1. , {Yn} ;<=mnop&
]^

4. (qr��Bs). d� {Xn} �mnqr6�,

lim
n→∞

1

n

n∑

k=1

Xn = EX1 a.s..

{
3(¶).

�
{Sn} � Zd ³6��´µ& Rn � {S0, S1, S2, · · · , Sn} ·6e¸>

��-. range of the random walk.
/0

Rn ≤ n + 1. ³>¹º»¼½¾¿FÀÁ
Rn/n 6���&]^

5. limn
Rn

n
= P (Sn 6= S0, n ≥ 1) a.s.

bc
. Â ρ = P (Sn 6= S0, n ≥ 1).

/0
Rn ≥ 1 + Y1 + Y2 + · · · , Yn,

3"

lim inf
n

Rn

n
≥= lim

1

n

n∑

k=1

Yk = EY1 = ρ.

Ã=HÄ�gB k, '(WX m 1 ≤ m ≤ k, Sn+m = Sn, g Zk
n = 0; '()*+ m ≤ k,

Sn+m 6= Sn, g Zk
n = 1. , {Zk

n} $;<=mnop�UÅ Rn ≤ k +
∑n−k

l=0
Zk

l .

lim sup
n

Rn

n
≤ lim

k +
∑n−k

l=0
Zk

l

n
= EZk

1 = P (S1 6= S0, S2 6= S0, · · · , Sk 6= S0).

ÆÇ
k → ∞, ÈÉ��� ρ. Ê limn Rn/n = ρ.
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3 ËÌÍÎ
�

{ξe; e ∈ E} �=Ï|}uxy6 Bernoulli Î6��78�
P (ξ = 1) = p = 1 − P (ξ = 0).

�� E ��ÐÑÒ Z2 6ÓÔw�iRFÕÄ3Ö6����6I×XJf��ØÙ54
�Ð�;&
'( ξe = 1,

RF-Ó e .ÚÓÛ'( ξe = 0, - e .ÜÓ&)JÝÒ x Q y, '(WX=pÝÒ {x0, x1, · · · , xn}, ¬Þ x = x0, y = xn, xi Q xi+1 �=ÚÓ6D>�Ò�
,-ÝÒ x Q y ß�4ÚÓtà�Â. x ↔ y.

Cx = {y; x ↔ y}

-.áâ x 6 open cluster. '(WX x ¬Þ |Cx| = ∞,
RFã-ËÌä��&/0

P (|Cx| = ∞) i x jk�Â. θ(p). Så�æ θ(p) � p 6çèV��-
pc = inf{p ; θ(p) > 0}

.éêë&Xìí��¿Fîïð 0 < pc < 1, 1980 ½ Kesten ñ Z2 6ò)ó��æ
pc = 1/2. ��[hôõ6��&'(ö Z2 ÷. Z3 øfù=ú6û�üýþjÿ�&
'(RFg E .�,�6ÓÔw��>ÝÒ4 d+1 �Ó���Ó�Ú6®�. p, ��

>�B6�Ò�	� open cluster «
ã� Galton-Watson ��m�È¾��m = dp.x���6s�RFïð3" pc = 1/d. �>���!"¢�X��=�&X Galton-
Watson �³ Bernoulli Bond Percolation 6éêÒ pc = 1/m.

ËÌÍÎ����J%����{'�������ð���Ä�6 (�!"��#$·6��!"%.ËÌÍÎ&
_&''�ËÌÍÎ4!"Su6()&"³#*6®�ÍÎ-. Bernoulli Bond

Percolation on Z2, �!"4 site percolation, !"� site Q bond 6°wÍÎÛ!"
ö|}��78÷.t+6��78�!"�[\��78� first passage percolation;
!"ö Z2 ÷<fù6û�,ü���û�{'mÄ³ Poisson xy�ø Galton-Watson
�&�-./601�	�ÚÓ9:2f Z2

34ÝÒ V (Z2) ;<=>��û G(ω). ø
É3��6BC45� Z2

346û9:37<A�³6=>®�81&
ËÌÍÎ4!"å�&{'� θ(pc) = 0?

pu,
X�³4j9">j9 open clusters

]^
9. j9 open cluster �:=6&

4 ;<=h>?

Zd d- Ð#�ÑÒ
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Rd d- Ð@AA�
|A| Ôw A 6:@ø81�B A �4CÔ�DE A ·e¸>�&
G û�ÝÒQÓ7<
n, k [\#�
Ω ��A�
ω ��Ò
S FGA�
Sn ��´µ�=ÐHç��´µ
Bt Ù�yIJµ� B0 = 0, V ar(Bt) = t

Wt yIJµ
KLMN
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