Lecture 4 of First passage percolation.(2005.7.4)

1 A Sketch Proof of the right tail limit theorem for ¢,

Theorem 1.1 If F(0) < p, and Ee"®) < 0o for some r, then for all € > 0, there exists
a constant B(e, F,d), such that

lim —% log P(¢on > n(p+€)) = Be, F.,d).

n—0o0

Sketch of proof for d=2, and t(e)=0 and 1.
By the max-flow=min-cut theorem, ¢g,=the number of path(1) in the dual. So, we

can get that(Multisubadditive)
P(6([0,n)*) = n(u+e)) < n(2)P(6([0,n]*) 2 n(p+e);zr, -, @m in the boundary fized),

P(o([0,n]x[n,2n]) > n(p+e)) < n(%)P(H([0,n]x[n,2n]) > n(ute€);x1,- -+ , Ty in the boundary fixzed),

SRR

P(p([n, 2n]x[0,n]) > n(ute)) < n(%)P(p([n, 2n]x[0,n]) > n(u+e);x1, -+, &m in the boundary fized),

vl

and
P(o([n,2n]x[n,2n]) > n(p+te)) < n(%)P(gf)([n, 2n|x[n,2n]) > n(u+e€);x1, - -+, Ty in the boundary fized)
Then

P(¢on > n(p+€) < n'(2) P(oan > 2n(u+ €)) < n*2"" P(¢o2n > 2n(p+ €)).
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Since — 0, thus the limit exists.

2 Long Common Subsequences (match pairs)

Chvatal and Sankoff(1975)
Probability Theory and Combinatorial optimization (1997) Steele Siam.

Consider two sequence of

Xl,XZa"' 7Xn7"'a
leai/éf"ayna"'-

of independent identically distributed random variables with values in a finite alphabet.
L, =max{k: X; =Y;,X;, =Y},,---,X;, =Y}, the maximum is taken over all
pairs of subsequences 1 < i1 < i <+ <ip <n,1 <j;1 <jo <o < jp < n.
Example HHTHHTHHT, THHTHTTHT, L, =717.
By Kingman’s subadditive argument, lim;, % =v(F),a.s. L.

Arratin and Waterman(1994)



1 X;=Y;
0 X;£Y;
l.one unit to right from (i,j) to (i+1,j) or (i,j41) which cost time 0.

2.diagonally from (i,j) to(i+1,j+1) which cost time zero if s(i+1,j4+1)=0 or time -1 if
s(i+1,j+1)=1.
Then, —L,, = inf,{t(y) : v is a path from (0,0) to (n,n)}.

Theorem 2.1 (Hoeffding-Azumn inequality 1963,1967 )
Let {M;} be a martingale sequence , d; = M;+1 — M, (martingale difference), and |d;| < ¢;,
then

P() di> )\ <2exp(—s=n—3)-
ZZ; 2 i 012

Let Z; = (X4, Y;), Fo ={0,Q}, Fr = 0(Z1, Zay -+, Zy), M; = E(Ly,|F;) is a martingale
sequence.

di = E(Lp|Fiz1) — E(Ln|F3), Ly — BE(Ly) = 3.1 d;, and

E(Lo|lFi) = > L(Z1,Za,  Ziszis1, ) P(Zis1 = zig1,- - Zn = 2n),

Zit+15"5%n

E(Lo|Fiy1) = Y. L(Z1, 22, Zis1, zivas ) P(Ziga = ziga, - Do = 2n)

Zit2, ,%n

= > L(Z,Zay Zigay vy s 2)P(Zigs = 2iv1, Ziva = Zigay s Zn = Zn).
Zi4+1,""" %n

Since |L(217 227 o JZi7 Zi4+1y " )Zn) - L(Zl7 Z27 Tt 7Zi+17 Zi42, " 7Zn)’ S 27 then |d1,’ S

2.

So we get this theorem:

Theorem 2.2 )

P(|Ly — ELy| > 1) < Qexp(fé—n).
Application:
L.Var(Ly) = [;,° 2tP(|Ln — ELy| > t)dt < n.
2.Ve > 0, take n, s.t. yn — 5n < EL, <n+ §n, so

2, 2
P(Ln 2 n(y+¢)) < P(Lp — EL, > gn) < P(|L, — EL,| > %n) < 2eXp(_637; ),
—€ € 2n2

but maybe the two inequality is not sharp.



Theorem 2.3 (First passage percolation,1993,Kesten,Ann. of Prob. 296-338.)
If F(0) <0, Ee ™) < oo for some r, there exist c; = c1(F,d), such that

P(|6,, — EO,| > tn%) <c exp(—CQtz).
where 8 = a, b, c, ¢.

Sketch of Kesten’s proof:
Order the bonds of Z%, Fy = {0, Q}, Fr = o(t(e1),t(ea), - ,t(er)), M; = E(0,|F;) is a
martingale sequence.

di = E(0n|Fi1) — E(0n|F), 00 — E(0,) = Y120 d;.

Then estimate that y ., di < Chn, finally use the Hoeffding-Azumn inequality.



