Lecture 5 of First Passage Percolation (2005/7/6)

Theorem 1 (Kesten 1993) If F(0) < p. , there exist ¢, ca > 0,
P(|80n — Ebon| > tv/n) < c1exp(—cat?) 6 =a,b,c, ¢.
This implies :

Var(on) < cn
P(0on, > n(pu+¢)) < cqexp(—can)
P(0on, < n(p+¢)) < ciexp(—con)
¢, c1,c0 > 0.
Theorem 2 (Talagrand 1995)(Isoperimetric inequality)
S = {path ~ from 0 to (n,0,---,0): T(y) = aon} r =sup]s],
ses

Denote by M the medium of ag,. Then there exist c1,co > 0, such that

2
P(lagn — M| > u) < c1exp(—ca min(u—,u))
r

and there exist cs,cq,c5 > 0, such that
P(3v,[7]e = n,t(7) < e3n) < caexp(—csn)

Ising first passage percolation.
Notation: Q = {1, -1}Z Spin configuration.
w(x): the spin value at z. VvV C Z2 l(x,y) = 23:1 lz; — yil, z,y € Z*

o w 1
Hamiltonian : Hy (o) = ~3 Z o(x)o(y) — Z[h+ Z w(y)]o(x)
I(z,y)=1 zeV yeVe
z,yeV I(z,y)=1
where o € {—1,1}V, h€ R, is called the external field.
Gibbs measure:
QVpn(0) =D exp(=BHY,(0")] " exp(=BHY (o))

o’ EQy

0 is called inverse temperature. Then there exists a probability measure on €.

Mﬁ,h( | Fve)(w) = Qu\;ﬁ,h(')

let 3. be the critical value of 3, such that if 8 < (., the Gibbs measure is unique.
C(0) : positive cluster at 0.



C~(0) : negative cluster.

percolation probability: 8(8,h) = pgn(|CT(0)] = 00) = pgn(|C~(0)| = 00)).
he(B) = sup{h € R; 0(3,h) = 0}.

Higuchi (1993, PTRF) if 8 > S, then h.(8) = 0; if 8 < (., and h < h,,
then there exist ¢1, ¢z € (0, 00),such that

pan(|CT(0)] > n) <crexp(—caen) and  pgp(|C~(0)] > n) < c1 exp(—can).

L o(u) # o(v),l(u,v) = 1;
o= {
0, otherwise;
For any path r € Z2, t(r) =3 ., t(e).

(1)

T(A, B) = inf{t(r) : r is a path from A to B}

Then ag, = T((0,0), (n,0)). T is called the first passage time.
By Kingman’s subadditive

. ag .~ Eg rao
lim 20n _ ¢ ZB:R%0n
n—oo N n n

=v a.s. and in Ly

Question: Whether there exist ¢1,co > 0, such that

1p.(|100n — Ebon| = tv/n) < c1 exp(—eat?)

Theorem 3 (Higuchi+ Zhang 2000 Ann of Prob 353-) If B < (.,|h| < he(5),

then there exist c1,co > 0

11,5 (100n — Eg.nbon| > tv/nlog?n) < ¢ exp(—cat?) 0=a,b,c ¢

A sketch of proof for 6 = c.
1: Recall mixing property.
If 3<fB.or h#0,Vi,Va C Z% AC Fy,,B C Fy,, then

[, (AN B) = pg.n(A)ppn(B)] < e (B, h)([Vi| A Va]) exp(—ca(B, h)dist(Vi, Vz))

2: We redefine e is open, if
(1) : t(e) = 0; and
(2) : e does not belong to a open cluster with size larger than log? n.

otherwise, We call e is closed. Letting

0, e is open;
x() = {

1, e is closed.



¢(0) : the open cluster containing the origin. Then ¢&(0) is finite.

By Higuchi’s exponential decay result, If 5 < ., |h| < H.(8), then there exist
infinitely many closed dual circuits ~ A7,--- A} -+ AJ (A} = 0,2 € I(A]),
y € O(AY), then T'(0,x) = i—1,T(0,y) = 4. By the definition of X (¢), {A; =T'*}
only depends on w(z), where dist(z, A(T*)) < log®n,x € DA(A}),y € 0A(A, ),
and ||z — y|| < log?n, A(A¥) is the Area covered by A*. Define F; = o-field
generated by X (e), for e € A(T'}), where F}, consists of unions of sets of the form
{(X(e1),X(e2)---X(em)) € B : A} =T*|A(I'")|c = m}.I"™* is a dual circuit.
{e1,e2,---ex} C A(T'}). B is a m-dimensional Borel set. We set Fy = {0, Q},
then Fo C Fy--- C Fp C ---. and

Mn

Gon — Eéon = Y _[E(Gon| Fit1) — E(éon|Fi))-
=0

since |E(Con|Fis1) — E(éon|F;)| < log?n, this is the mixing condition. Apply
Azuma inequality, we can get that, there exist ¢1,co > 0, such that

t2nlogn

7Cgt2
ZMn oo™ ) <ce
) clog’n

P(|éon — Econ| > t\/ﬁ10g2 n) < exp(—
Meanwhile we can get that, there exist c3,cqy > 0 such that

P(|éon — con| > tv/nlog?n) < P(A) < ¢3exp(—cav/nlog? n)

where

A= {E'Ul,’l)g,"',’l)m, Vs %vjai #jam Z t\/’ElOana |C(Ui)|€ Z 10g2n,i = 1323"'



