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Abstract The historical superprocesses are considered on bounded regular domains with a complete branching
form, as a probabilistic argument, the limit property of superprocesses is studied when the domains enlarge to the
whole space. As an important application of superprocess, the representation of solutions of involved differential equa-
tions is used in term of historical superprocesses. The differential equations including the existence of nonnegative solu-
tion, the closeness of solutions and probabilistic representations to the maximal and minimal solutions are discussed,
which helps develop the well-known results on nonlinear differential equations.
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1 Main results

4 32 2 3

In this paper, we assume that L = a;(x) STt > b;j(z) 5. is an elliptic differen-
=1 Zi%x; =1 xj

tial operator on R?, and the coefficients (ag(x)), (b;(x)) satisfy the following conditions.

(A) ay(z) = a;(x),b;(x) are bounded smooth functions on R?, and when || z || >0,
Izl - lo(z) | ~0, where ||z Il =:4/ 23% 23, b(z) =: (by(z),,ba())T.

d d
(B) There exists v >0 such that, for Y ¢ € R?, D, a; ()8t = vy, ¢, Vz € R
=1

i,j=1
Then L determines a Markov process of R? denoted by (&,, II. ;¢ =0, £ € R?), which has

continuous paths and infinite lifetime!!.

We also consider such a continuous function on R* = [0,9): ¥(z) = aqz + bz? + Jo (e7=
-1+ uz)n(du), wherea € R!, 5 € R*, and n(du) is a Lévy measure on [0, ) satisfying
fo u A u?du < .

Based on (£, %), we may construct a measure-valued branching process {superprocess). To
this end, we first use My to denote the space of all finite measures on (R?,%3(R?)), and let
bpB(R?) be the set of all bounded positive measurable functons on R%. Write the integral of
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fw.r.t pas <;z,f>.
Following the construction of Dynkin

P,} satisfying the condition that, for ¥ #€ Mg, f€ bp%(R?),

{2,3] , there exists such a superprocess X = {X,, X’D;

Plue“<Xz’f> = g {mu(®) (1.1)
where u(z)=u(t,z) is the unique solution of integral equation
4
w(t,2) + T wute = s,8)0ds = 1T f(8). (1.2)

Moreover, for any bounded regular domain D (in which the definition of regular domain is as
in refs. [2,3]) on R?, there is a corresponding random measure X, such that

Ppe—(XrD,ﬁ) — e—(/‘,uD)’ (1.3)
in which zp = infiz > 0,¢ & D}, $ € 6p%(3D), and
up(2) + 1| P2 Cup(e))ds = TI $(&,). (1.4)

The process stated above are called historical superprocess with branching character ¥. If a=0,
we call the superprocess subcritical superprocess, and if a <0, supercritical.
One of the aims of this paper is to study the limit of {X,D ,DCR?} when D is large enough,

i.e. DA R?. This reflects the information of extinction and non-extinction of the branching par-
ticle system and superprocess. Another aim of the paper is to apply the superprocess to represent
the solutions of the involved nonlinear differential equations and then to characterize the non-nega-
tive solutions by a probabilistic technique.

Let X=X (&, ¥) be the stated super-diffusion process, whose branching character ¥ has a
general form. D and {D,,n=>1} are bounded regular domains on R?. Define z¢ = inf{z > 0,
W(z) > 0}. Then when a =0, 2¢ =0; when a <0, 0< 2¢<X©, and if z¢g =0, ¥(z) is
monotonically decreasing on z.

Theorem 1.1 Assume that X is a historical super-diffusion process with branching charac-
ter ¥, and D is a bounded regular domain on R®.

1. If 2¢<00, and V¥ satisfies

Vs> ze, J:O(LZ\I/(t)dt)—mdz < oo, 1.5)

then the non-linear differential equation

{Lu(x) = ¥(u(z)), z € D,

u!aD:OO

(1.6)

has a non-negative solution in D. Moreover the maximal and minimal solutions can be repre-
sented as oy (x)= — logP(;z(X,D =0, for n large enough) and up,(x)= —logP; (X,D =0)

respectively. Here {D,} is a sequence of bounded regular subdomains D, D, * D, but u_,,
does not depend on the choice of {D,|.

2. If z¢<o°, and ¥ does not satisfy condition (1.5), even the coefficients (6;(x)) of L
satisfy

(© lb(x)ng(dCi{—ax_n%DLv)’ Y x€D. where diam (D) ='sup{|z—y|:x,y€E D},

then there is no non-negative solution for equation (1.6).
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Theorem 1.2. Assume that z¢< %, and W satisfies condition (1.5). Then the solutions
of Lu=%(u), u=zyareclosed, i.e. for any bounded regular domain D on R?, if u,=>zy
(n=21) are solutions of the equation in D, and u,~>u , then u should be a solution of the equa-
tion in D, too. Besides if the coefficients of L further satisfy condition (C), then “satisfying
condition (1.5)” is necessary.

Dynkin> ™4, Le Galll>®], etc. applied historical superprocesses and path-valued processes to
study non-linear differential equations. However in their works, the nonlinear items of involved
differential equations were such particular forms as ¥(z) = 22, or u!*#(0 < 8 < 1), which cor-
responds to the special cases of Theorems 1.1 and 1.2 with z¢ =0, and in which ¥ obviously
satisfies (1.5). We now deal with differential equations using as extensive as possible nonlinear
items, and study the solutions of nonlinear differential equations using the technique of superpro-
cess.

In the following, we describe some probabilistic features of the superprocesses.

Theorem 1.3. Let X be a historical super-diffusion process with branching ¥, and as-
sume the bounded regular domains D, } R*. Then, for Y p€Mp, P,, a.s., Y= lim{ X,

n—»oo Dn ’
1) exists, and P(Y=0)=1-P,(Y=0o0) =e %l (e °=0). Moreover
(i) if z¢<oo, and V¥ satisfies (1.5), then P;,(X,D =0, for n large enough ) = e~ w1
(ii) if z¢<°o, but ¥ does not satisfy (1.5), and the coefficients (b;(x)) of L satisfy
condition (C), then P, (X,D =0, for n large enough) =0.
Theorem 1.4. Assume that z¢<°, and X =(X,, X s P,) is a supercritical historical

super-diffusion process with branching character W. Then the conditioned superprocess is a sub-
critical superprocess. To be precise, for ¥ p€ Mg, f€ bp@SRd) , $€EbpB(D),
Pﬂ(e_<Xr’f> 1_i_r2<X,,1> =0) = ﬁ#e-<X,.f);
P‘u(e%XrD’¢> | lim <X,D,1> =0) = 1~3)L,e_<}~(r,3”6> ,
Dt

where X = (X,, X,D; IS#) is a super-diffusion process with the underlying process & and the
branching character defined by

F(2) = \I"(zw)z+bzz+J:(e-“"—l+uz)n(du). (1.7)

Theorem 1.4 implies that the conditioned superprocess under a suitable transformation is a
superprocess, and the branching mechanism of the latter is also closely related to the original one.
Actually Theorem 1.4 generalized Evens and O’ connell’s result on conditioned superprocesses with spe-
cial branching!”!.

2 Basic lemmas and technique preparations

Lemma 2.1 (comparison principle). Assume that z¢<°, and D is a bounded regular
domain on R%. u, v=0 are twice differential functions in D. If u, v satisfy (i) Lv(z)-w
(v(z))=ZLu(x) - ¥(u(zx)),x € D; (ii)lier%, EHE[v(x) —u(x)]<0, Ya€3D; (iii) u
(x)=z2¢, xED. Then for YxE€D, v(z)<u(x).

Proof. Let w(z)=v(x)—u(x), if the claim is not true, then D* ={z €D, w(z)>
0} is not empty. Notice that when z=2z¢, W(z) is monotonically increasing on z. So for V
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€ D', Lw(z) = ¥(v(x)) - ¥(u(x))>=0. By assumption (ii), for Ya € aD*, hm sup

r>a

w(x) <0. This contradicts the maximal principle of linear differential equation. Hence the claim
is true.
Next we consider the solution (8, R ;x) of equation
Lu — ¥(u) =0,
4 lop(ey m) = 0 (2.1)

where B(zg,R) denotes the open Ball centered at zo with radius R. Let v(z)=v(r),r= | =

— 2o | . Then Lu(z) = A(z)v"(r) + —”—’i—’l[B(x) — A(z) + C(2)], where A(z) =

22%(.76)(1 -2 (z; - 29);B(x) = Zaz,(x) C(z) = 2(1, 2Nbi(z),z = (z;),

i,j=1
xo = (z9).

Suppose that A, (z) << () <<+ << A4 () are characteristic values of matrix (a;;), it fol-
lows from assumptions (A) and (B) that there exists a A >v (A depending on zg, but indepen-
dent of R) such that, for Vz € R?, (v € 2, (2) < A(z) <A(z2) < A5 (5i) Wd < B(x)
< Ad; (i) 1 C(x) IK(d -1)A. SoB(x) — A(z) + C(x) <2(d = 1)A. On the other

hand, if (6;(x)) satisfies (C), then B(x) —A(x)+C(x)>~;—(d—l).

Let v1(8,R;7) be a solution of equation
{ZA(vﬁ(r)+ L () = w(oi(r)),

(), v (r) =0, v1(0) =0, v;(R) = 6(8 > z¢).
Then Lv; — ¥(v,)<0, and by comparison principle, #(8,R;x) < v1(6,R; |l z — = || ),z
€ B(z¢,R).
Let v,(8,R;7) be the solution of

— lv'z(r) = W(vy(r)),

{ ( (r) +
v5(r), vo(r) =0, v3(0) =0, va(R) = (8 > z¢).
Then Lvy — ¥(v,)=>0. Hence, by comparison principle, #(8,R;x) = v,(6,R; |l z —zo Il ),
x € B(zg,R).

Thus under assumptions (A), (B) and (C),

(0, R; l x — 2o I ) < u(8,R;2) <0, (0,R; l x =zl ), Yz € B(x0,R).

(2.4)

We are to estimate the solution of (2.1). It suffices to estimate the following equation (in which
A >0 is constant) :

(2.2)

(2.3)

{”<>+ Ly () = aw(u(r)), 2.5)
v (r), v (r) =0, v'(0) =0, v(R) = (8 > z¢),
and so

v (r) = Arl_dJ;sd_l‘If(v(s))ds. (2.6)

Since 8>z at (2.5), by Lemma 2.1, v(r)=>2¢, r€[0,R]. This implies that " (r)=0
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and v" (r) < Arl_dt/J('v(r))J;sd"lds = —W('v(r)) Again, by (2.5), we have

A (o(7)) = o' (r) > AE) >
This shows that the conditions v”, v"2=0 at (2.5) are inherent rather than imposed. Further-

more, by (2.7), let Q(v(r),v(ry)) = Jvzr))‘I’(z)dz. Then

v,

0. (2.7)

22Q(0(r),v(r0)) = v (r) = v' () = 2AQ(0(r), v(r)). (2.8)

Since v’ (0) =0, v(r) = z¢. If v(0)> 2y, then, by (2.6), v () >0, v(r)>v(0). Notice
that if 2>2¢, ¥(2)>0. So Q(v(r), v(0))>0, and by (2.8), we have

v(r)
YVr € (O,R),%J (O)Q_m(z,v(O))dz <r. (2.9)
Similarly, if there exists an 7g< R such that v(ry) > 2, then Q(v(r),v(ry))>0, and so
/ v(r)
< 2d J Q2 (z,v(rg))dz + ro, r=ry. (2.10)

Hence combining (2.10) with (2.4) , we have

Lemma 2.2. Assume that z¢<°, u(8,R;x) is a non-negative solution of Lu = ¥
(u), u|aB(JO,R)=0. Then u(8,R;x)<01(0,R; | x —xo Il ), and if (b;(x)) satisfies
(C), v2(8,R; |l x —xo | <u(8,R;x). Besides, forall 8, R and xy, both v1(8,R;r) and
v,(8,Rr) satisfy (2.9) and (2.10) ('where/\ takes ﬁor % .

Proposition 2.1.  Assume that z¢< ©, v=zy is a rotation-invariant solution of Av =
AW (0)(A>0) on R%. Then v=zyif one of the following conditions holds: (i) v is bounded
on R?; (ii) ¥ satifies condition (1.5).

Proof. Suppose that there exists 79==0 such that v(rg) > 2.

1) ¥ v(r)<<c(Vr=0), where c is constant. For »>rg, from (2.10) it follows that r

< Y 2dA

ST J ( )Q_m(z’v(r(’))dz + r9 < . Let r 4 o0, which leads to a contradiction.

< ¥ 2dA

2) If ¥ satisfies (1.5), similarly, by (2.10), for Vr = r¢, r << T Q *(z,

v(ry)
v(rg))dz + ro < . But when r—20, this is impossible.

Hence, under assumption 1) or 2), v(r)=zg¢, ¥ =0 holds.

Lemma 2.3. Assume that 2<%, and let D be a bounded regular domain on R®. fisa
non-negative bounded continuous function on dD. Then u (f,x) =: — logP(;z e—<XrD’f ) is a
bounded solution of Dirichlet problem Lu =W (u), ulsp=f. Moreover, if f=zy, then u(f,
z) is the unique solution satisfying u=>zy.

Proof. It suffices to notice that when z¢ <0, by (1.4), «(f,z) is bounded in D. The
remain is the same as in reference [2].

Lemma 2.4. Assume that 2¢<°. D is a bounded regular domain. If u,=>z¢(n=1)
are solutions of Lu= ¥ (u) in D, u,~>u, and u,(x) are locally uniformly bounded in D
(which means, for any compact subset K of D, u,(x) are uniformly bounded for x € K),



352 SCIENCE IN CHINA (Series A) Vol. 42

then u should be a solution of Lu= ¥ (u) in D.

Proof. Take a small ball B(xg,r) in D such that B(zq,7)CD. By the hypothesis, u,
are uniformly bounded on B(z¢,7), and for £ € dB(xy,7), u,(x) = 2g(n =1,2,:"*). Soby
Lemma 2.3, u,(x) can be expressed as

un(z) = logPa e K’ (), 2 € Blzo,r).
Let n—~>o0. Thenu(zx) = logPa e a(; S "+ € Blxg,r). Again, Lemma 2.3 and the
arbitrariness of B(xg,r)CD show that u satisfies Lu = ¥(«) in D.

Lemma 2.5. Let {D,, n=1} be a sequence of bounded regualr domains, and D, 4 R4

(n } ). Then, under P, hm (Xr , 1) exists; moreover the limit does not depend on the

choice of {D,, n=11.
Proof. Applying the special Markov property, we see that for ¥ € Mg, whena =0,
e oyt n =, is a bounded submartingale; when a <0, z¢ =, the random sequence is
{e ™y, D, n >, P,| is a bounded submartingale; when a <0, zy he rand i

positive supermartingale; and martingale when a <0, and z¢ <. So in any case, Iip;lo (X,D 1)
a.s. exists. Assume that {D;, /=>1} is another sequence of bounded regular domains with
D, * R¥(1 * ). Then we take a subsequence {an} of {D,} and a subsequence {ﬁlm} of {D,}
such that D, C I_)l Ch, El C -++. Then the procedure above actually implies that {(X,D s

1),n =1} and {<Xr ,1), n = 1!} have the same limit (w.r.t. P,a.s.).

3 The proof of Main Theorems

Proof of Theorem 1.1. (1) If z¢<90, let up(8,x) be a non-negative solution of Lu =
V(u),ulsp=0(6>2zy). It follows from comparison principle that up(8, *) is increasing on 6.
And define up(x) =: }Li’rgup(ﬂ,x).

On the one hand, let v{(8, R ;7) be the solution of (2.2) and define v,(R,7) = }*i’rgvl(ﬁ,

R;r). For given ro € [0,R), r € [r4,R), it follows from (2.10) that r < v/ dAJ:dz
. -2
(Jodtq/(t + 0v1(6,R;ry)) + 79 =: p(8). v1(R,ry) = o0, and condition (1.5) implies

p(8)—>ry; this leads to a contradiction. So v;(R,ry) <0, and the arbitraritness of r¢ shows
‘U1(R,7‘)<0°,r€[0,R)'

On the other hand, let 2 € D, » > 0, B(xy,r) C D. Since up(8,z) is a non-negative
solution of Lu = ¥ (u),u |35 = 8(8 > z¢), there exists a constant Mzo,;(ﬁ) > 0 such that
up(8,x) 19B(z,, 1) < M, ;(6) =: 6. So comparison principle implies that for Vz €
B(x0,772), 0> zy, up(0,2) S01(0,7;5 | 2 = 2o 1) <limwi(6,75772) = v1(r37/2) <
o, Applying Lemma 2.4, up(x) = g_mup(ﬁ,x)satisﬁesLu = ¥(u)inB(xg,r/2). The ar-
bitrairiness of B(xg,7) C D shows that Lup = ¥(up) in D. To check the boundary condition,

it suffices to notice that, for Ya €3D,
I_.limEDuD(x) = hme hmuD(O z) = hm mf hm6 up(8,z) = o,

Tr>a,x

We actually show that up is a non-negative solution of (1 6)
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Let vp(x) be a non-negative solution of (1.6). Then, by comparison principle, ¥ x € D,
up(8,z) <wvp(x) (0> 2¢), and 0 up(z) = }Lrgup(ﬁ,x)gvp(x), x € D. This implies
that up is the minimal non-negative solution of (1.6). Moreover, by Lemma 2.3, up(8,z) =
— logP,;Ie“<X,D,9> (8 > z¢,x € D). So upn(z) = up(z) = ;}IE[ - IOgPaI€_<XfD'0>] —
- 1ogP,;I[XTD =0].

On the other hand, let {D,, n=>1} be increasing regular domains satisfying D, C D(n =
1). In a similar way, applying LLemma 2.4 we can show that up_ (z)=- logP,;x[X,D = 0] satis-

fiesLu = ¥(u), u lap, = ©°. Hence, by comparison principle, Y z € D,, vp(x) < an(x),
n = 1,2,---. Applying the special Markov property of superprocesses, we have {X,D =0} <

X

Doy

= 0} (where D,CD, +,, n==>1), namely {an(x), n =1} is decreasingon n. So Y z
€ D, vplx)< lilgan(x) =— logPaI( %X,D = 0, for n large enough!), which implies that
U () =1— 1ogP31({X,D = 0, for n large enough})=vp(x).

We are to show that unmax satisfies (1.6). For any given N==1, if n=N, up. (x) satisfy
Lu = () in Dy, and an(x) < uDN(x),x € Dp. Hence, for x € Dy, Lemma 2.4 implies
that u . (x) = }gloupn(x) is also a solution of Lu = ¥(«) in Dy. Let Dy 4 D. Then u,,,(x)
satisfies Lu = ¥(u) in D. And fora € 3D, lim umax(x)>xehi’r£1€DvD(x) = oo, This shows

z*a,z€ED

that % (x) is the maximal solution of (1.6).

(2) Assume that z¢ <%0, W does not satisfy (1.5), and (&;(x)) satisfies condition (C).
If (1.6) has a non-negative solution vp(x), then from the proof of (1) it follows that, vp(x)
=- logPal(XrD = 0). But the latter may not be a solution of (1.6). Take B(xg,R) such that

D C B(xg,R). Then special Markov property implies that, P5 a.s. (X,D =0) = (X, =

B(.zo.r)

0), and 'vD(x)>—logP31(X,B(z o = 0) =: ug(x). Let u(8,R;x) be asolution of (2.1). If
: .

6>z, comparison principle implies that ug(z) = u(8,R;x),x € B(zy,R). But, by Lem-
ma2.2, u(6,R;x) = v,(0,R; |l x —xo Il ). Sour(x) =v,(8,R; |l x -z Il )z € B(ao,
R),6 > zy¢), where v, is the solution of (2.5) (A=2/y).

In the following we are ready to show that if § % oo, then v,(8,R;7) 4 o. Since v,(8,
R;r) is increasing on r, it suffices to show }Lrgvz(ﬁ,R ;0) = oo, Otherwise, suppose that

12(8,R;30) 4 ¢ < o (when 64 ). Let A =2/v at (2.9), and r—R. Then Jj(e R;0)
2(6.R;
z -122 ) '
Uvz(e,R;O)‘p(s)dS} dz <7;;R. And letting §—>0o0, we have
JTUCZ‘I’(S)ds}_mdz<2R/«/_» < o, (3.1)

Notice that, when 8 > 2y, v,(8,R;7r) == 2¢. We claim that ¢ = gmvz(ﬁ,R;O) > zg. Other-

wise, if ¢ = zg, then v,(§,R;0)=z2y, VY 6> z¢. But applying historical super-Brownian mo-
tion X = (X,, X,, 13,, ), whose branching character ¥(z) = 1/v¥(z) , to solve differential

equationis*%‘Av = ¥(v), v 9Bz, R) = 6 (which is eq. (2.3)), we have v(z) = v,(6,R;
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lx—zoll) = IogP(; e B(I ™ 0 ie. vy(8,R;0) = IogPa e Kipierr® If v,(0,R;0)

= zy, then P; [X;B( o = 0] = 1. But by a differential operation of (1.3) and (1.4), we have
IO on
P#<X,D, $) = (u, HI¢(E,D)>. Particularly, P <X;B( ° 1) = (810,1> = 1. This leads to a
10 .20,
contradiction, so ¢ > zy.
On the other hand, since W(s)(s>>2zy¢) is a strictly positive continuous function, condition

o0
(1.5) is actually equivalent to the statement that there exists a constant sq > 2y such thatf

S
0

. -12
[J ‘If(s)ds} dz < 9. So (3.1) implies (1.5). But this contradicts the assumption of theo-
S0

rem. So under the assumption of (2) there is no non-negative solution for (1.6).
Proof of Theorem 1.2. Let u,(x)>=22z¢, n=1 be solutions of (1.6) (where D is a
bounded regular domain), u,(z)—~u(z)(n—>). For YV x € D, take a small ball B(zy, )

such that B(xg,r)CD. By Theorem 1.1 and comparison principle, u,(x) <<— logP; (X,B( N
2 -

=0), z € B(zg,7). So u,(z) are locally uniformly bounded in B(zq,7), and by Lemma
2.4, u(x) satisfies Lu = W (u) in B(xg,7), which means that u is a solution of the equation.
So the solutions of equation are closed if zy<©° and ¥ satisfies condition (1.5).

Next we show that when the coefficients of L satisfy (C), “ ¥ satisfying (1.5)” is neces-
sary for the closeness of solutions. To do so, we give an example, in which ¥ does not satisfy
(1.5) and the solutions are not closed. In fact, let up(k,z) be the solutions of Lu=¥(u),u
lsp=k(kE>zg). It follows from the proof of Theorem 1.1(2) that if ¥ does not satisfy (1.5),

I}imuD(k , ) =— logP(;I(X = () = o0, and it is not a solution of Lu = ¥(u).
Proof of Theorem 1.3. By Lemma2.5, Y = hrr;d<X, ,1) a.s. exists, and does not de-
D %

pend on the choice of {D,, n=>1}. In the following, we let D,=B(0,n).
(1) If 2¢< o0, then ¥(z) is decreasing on z. It follows from (1.3) and (1.4) that

—J[l - ‘F(l)HITB(o,u)]#(dx) =0,

Eﬂe" = limE,e” X o < }i»rgexp

ie. P,(Y=00)=1.
(2) If z¢< o0, let u,(8,x2)(6>2¢) be the unique bounded solution of Lu = ¥(u), u
280, = 0. Then u,(6,2)=>2y, and E,e™% = lmE, e *%y, ;'Y = lime % ( >

n—>00

2¢). On the one hand, let v,(8,n;7) be the solution of (2.2) (where £o=0, R=n), which

also satisfies Av = 2A‘P‘( v), v lap(o,n) = 0. Noticing that, for § > zg, zg < v1(f,n;7) <

8, and v4(8,n; || £ || ) is decreasing on n, we claim that hmvl(ﬁ n; | = |)is a bounded so-
lution of Av = —11/("0) in R%. To show this, take an integer N, if n==2N, v1(8,n; ll =z || ) is
a solution of Av = ——‘If(v) in B(0,N). Lemma 2.4 shows that limvl(ﬁ,n; | =1l )is also a

solution of Av = ‘I’( v)in B(0,N), and the arbitrarity of N=>1 implies that it is even a solu-

2A
tion on the whole space. So by Proposition 2.1, limwv,(8,n;7) = z¢. But it follows from com-
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parison principle that z¢ < u,(0,2) < v (8,n; |z || ), and 1imu,,(<9 z)=zg. SoE,e % =
ol (Y g > Z\p) Letting 6 4 oo, wegetP (Y =0) = eV Againlet 6 ¥ zg. Then
E.e Y = E,e”" . Hence
PlY =0]+P,[e=",0< Y < ]
=PlY=0]+Pl[e®,0< Y <] (V8> zy),
whic implies P,[0 < Y < ©] = 0and P,[Y = 0] =1- P,[Y = o] = e w{ml),

(i) Assume that z¢< 0, and ¥ satisfies (1.5). By special Markov property, 1 XTB(0 , = 0}
~ {XB(O e 0}(n >=1), and so
P [XB(O L, = 0, for n large enough] = E, ,}Eﬁ ;Lme X on® = 352 girge_(,,,u"(g,.».

On the other hand, let v;(oc,n;r) = }ugvl(@,n,r), where vy (8, n;r) is the solution of

(2.2) with R=n. From the proof of Theorem 1.1, it follows that v{{z)=v(°,n; | =z || )

satisfies Av = ilx\If(v), v 13B(0,n) = . Since v1(%0,n;7) is decreasing on 7, limv;(%°,n;

| z || ) exists, and a similar way as (2) shows that it is a solution of A = ZLAW( v)in R?. Fur-
thermore, by Proposition 2.1, we have 3{{2 v1(®,n; || z || ) = 2. Hence comparison principle
implies that z¢ << u,(0,2) < vi(o,n; | z || )(x € B(0,n)), and so }gg gim”u,,(ﬁ,x) =
zg. This shows that P#[Xfam,,,) = 0, for n large enough] = ezl

(ii) In the proof of Theorem 1.1, it is proved that, if z¢< 0 and the coefficients of L sat-
isfy (C), and if ¥ does not satisfy (1.5), then Py (X =0) =0, x € D, for any bounded reg-
ular domain D. So, by special Markov property, we have P,lfor n large enough, X, Thomy =0]=
hmP [X, = 0] = 0, and the proof of Theorem 1.3 is completed.

TB(0,n)

Proof of Theorem 1.4. For &€ Mg, $€ bp%B, we have Pp(e_<xr,,’¢) | lin;d(XtD ,1)0)

D 4

n

= ezw(""l)P,,(e<Xrl,”(’>1[’arr ( hn;a‘<Xt 1) = 0)) = e_<“’“(¢+z?")_zv>, where u (¢ + z¢,*) is

bt

the unique positive solution of u (¢ + z¢,x) + HIJ;D‘I/(u(‘}S“F zy,&))ds = HI‘IS(GTD) + zy.

Letw(x) = u($+ 2¢,2) — 2¢>=0. Then w(x) + HIJSDW(w(E,) + zg)ds = H1¢(E,D)-
Defining W (z) =t W(z + 2¢)(2=20), we may check that it has a form as (1.7), and w(z)

satisfies

wiz) + I1 [P T w(@)ds = T #&,).

Lemma 2.3 implies that w(z) is a bounded non-negative solution of Lu = W (u), u lop = ¢,

and so is — logIBaIe“@rD’M . So by comparison principle, we have w(x) =- loglssze_<xrb'¢>.

Hence P/l(e_<xr,)'st> | 1i31<X,D 1) = 0) = Isﬂe'@rb"‘). In the same way we can show that

P(e % | im(X,,1 = 0) = P,e” %),
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